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Light refraction in the Earth’s atmosphere III. Inferior mirages: images locus.
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Our main goal is to find the locus of images formed as a result of an inferior mirage. To achieve our goal we show, at first, that, provided the
beam entering a detection system has a small aperture, the image of a point object formed by that system in a vertical plane passing through
the object is a point, regardless of whether the image formed by an optical system previously traversed by the beam has generated a non-point
image of the object. Secondly, we show that the different images formed by the detection system, as its position relative to the object varies,
are located on the caustic curve corresponding to the previously traversed optical system. Next, we have found the analytical expressions
of the caustic curves corresponding to two particular cases, one of them being the inferior mirages. These expressions have been found by
means of the Legendre antitransform of the asymptotic lines to the paths of light rays reaching the detector. For the case of inferior mirages,
we have studied in detail the locus of the images in each vertical plane passing through the object as a function of the position of the object
relative to the ground, its position relative to the detector, and the atmospheric conditions. Finally, we get somewhat into the matter of the
images position as they would be seen by a casual observer of an inferior mirage.

Keywords: planetary atmospheres; light refraction; inferior mirages; analytic expression

1 Introduction

This is one of a series of works in which we intend to deal
with different optical phenomena taking place in planetary at-
mospheres. We have begun the series by addressing the study
of one of the countless phenomena related to light refraction
in the Earth’s atmosphere: inferior mirages. In the first work
of this series (Paola et al., 2022 [10]) we have dealt with the
heat transport through the microlayer to obtain the refractive
index profile in air and, from it and applying Fermat’s ex-
tremal principle, we found an analytical expression that de-
scribes the path of light rays through the atmosphere. In a
second work, we have addressed our attention to the search
for viewing regions of inferior mirages in a plane perpendic-
ular to the ground depending on the position of the observer
and the atmospheric conditions (Cruzado et al., 2023 [5]).
Our objective was then to know if, given the horizontal dis-
tance to the object, dob, and the height from the ground, yob,
under specific atmospheric conditions, an observer would be
able to visualize the object and/or its image, or none of them.

In the present work, we are interested in the locus of the
images on the occasion of inferior mirages. That is, for a
given observer position (dob,yob), within a region from where

he/she could see the image of the object, as analyzed in
Cruzado et al. (2023 [5]), we intend to find the pair (xi,yi),
where xi and yi are the horizontal distance from the object
and the height from the ground, respectively, at which the
image seen by that observer is formed. Our main objective
is, ultimately, to find an expression that represents yi as a
function of xi.

It is well known that most of the refractive phenomena
caused by light coming from an isotropic emitter point gen-
erate images that, if the solid angle subtended by the beam
of rays coming from the source is not small enough, are not
points. Then, although the rays of light do not all intersect
at the same point, provided azimuthal symmetry with respect
to an axis passing through the object exists, a solid of rev-
olution contains all those rays that, coming from the point
object, have passed through the refractive system. Each of
these rays is tangent at some point to the boundary surface of
that solid, whose projection on a plane is a curve called caus-
tic. Many authors analyze the equation of the caustic curve
generated by an optical system, be it refractive or reflective,
affected by one or another type of aberration, which always
occur when we move away from the paraxial approximation.
In the articles by Lock and Woodruff (1989 [9]), Da Costa
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and Escalona (1990 [6]), Bellver-Cebreros et al. (1994 [2]),
Cordero-Dávila and Castro-Ramos (1998 [4]), Korneı̆chik
(2000 [8]), Silva-Ortigoza (2002 [11]), and Carpena and
Coronado (2006 [3]) the caustics generated in the context of
different optical phenomena are analyzed within the frame-
work of different theories.

Closely related to what we have just said in the previous
paragraph is the particular situation that we are interested on,
in which the observed images of a point object are points,
although their position depend on the observer position. To
clarify the point we refer to, we consider any optical system,
refractive or reflective, traversed by a non-paraxial beam of
light coming from a point object. After passing through the
system, the rays of light, far from all intersecting at the same
point, are contained in the solid of revolution limited by the
caustic surface corresponding to the particular optical sys-
tem, provided that azimuthal symmetry exists. All the rays
contained in that solid would contribute to the formation of
the image of the object on a screen placed perpendicular to
the optical axis of the system. The image of the point ob-
ject would then be a spot of light rather than a point, the size
of which depends on where the screen is placed. A screen
placed where the circle of least confusion is located pick up
the sharpest image, being enlarged the size of the luminous
spot for smaller or greater distances from the object. How-
ever, if instead of placing a screen to collect the image, we
place another refractive system with a very small aperture, a
small portion of the rays contained in the solid will contribute
to the formation of the image by this system. Thus, the image
of the point object generated by the second system will be a
point. Furthermore, taking into account that rays contribut-
ing to the formation of this point image are all tangent to the
caustic, that point image will be, very closely, a point of the
caustic. Which point of the caustic it is, depends on the posi-
tion of the second refractive system, since it depends on that
position which is the small beam of rays entering the system
to form the image.

This is precisely what happens in each vertical plane
passing through the object (hereafter referred as propagation
plane) on the occasion of sighting an inferior mirage, when
the refractive optical system that collects the image is the hu-
man eye. In this case, the beam of light that, after passing
through a portion of the atmosphere, enters the observer’s
eye has a very small aperture, and the image of a point object
formed on the retina is a point. In this article we show that
the image positions as a function of the observer position is,
in each propagation plane, a curve that represents the Leg-
endre antitransform of the asymptotics lines to the rays that
reach the observer eye. It is well known that the Legendre an-
titransform of the lines containing the light rays can be used
to find the caustic equation corresponding to an optical sys-
tem, since the caustic surface generated by an optical system
is, precisely, the surface to which the light rays coming from
the object, are tangent, after passing through the system. So,
as long as the equation describing the paths of light rays is
known, the Legendre transformations can be used to find the

corresponding caustics. They have been used, for example,
by Bellver-Cebreros and Rodriguez-Danta (1992 [1]) to ob-
tain the caustics of light rays reflected in a surface profile, and
by Gitin (2008 [7]), who also use the Legendre transforma-
tions to obtain the caustics of light rays from the transverse
aberration of the optical system.

Regarding the topic we are interesting on, the inferior mi-
rages, it can be said that the curve that represents the image
position of a point object as a function of the observer po-
sition in each vertical plane containing the axis that passes
through the object, is nothing more that the caustic curve
of the refractive system represented by the atmosphere. Al-
though we are mainly interested on inferior mirages, we will
see that the technique developed in this work allows the deter-
mination of the point image position (xi, yi) of a point source
as a function of the distance from the object to the optical sys-
tem that forms the image, whenever the beam of rays entering
this system has a small aperture.

We organize the article in the following way: in Sec. 2
we explain the methodology used to show that the curve con-
taining the positions of the images in each vertical plane con-
taining the axis that passes through the object is the Legendre
antitransform of the asymptotic lines to the rays reaching any
small aperture detector, in Sec. 3 we apply the result found to
an elementary case, in Sec. 4 we apply the result found to the
inferior mirages, in Sec. 5 we show our results, and in Sec. 6
we expose our conclusions.

2 Methodology

First of all, we set that, in analyzing images formation by a
physical system, we assume azimuthal symmetry respect to
an axis passing through the object. Then, the results obtained
in this and the following sections are valid in every plane con-
taining the symmetry axis of the system. Azimuthal symme-
try is very approximately true in the two situations we con-
sider in the present paper, and the planes containing the axis
of symmetry of the system are, in both cases, vertical planes.
Then, whenever we refer to the observer eyes, we are actu-
ally considering a vertical opening of the light beam equal to
the human pupil diameter, but a negligible horizontal open-
ing. Then, what is observed in these propagation planes is, in
fact, what would be observed if the optical system that forms
the image is a short vertical slit. In section 5, we further dis-
cuss what an observer actually sees when struck by a beam
that, in addition to having a vertical aperture of about 3 mm,
has a similar horizontal aperture, if viewed the phenomenon
with only one eye, or of about 6 cm, if viewed it with both.

Having established that, let us consider a beam of rays
coming from a point object and reaching the pupil of a dis-
tant observer. Since in this case the beam of light reaching
the observer eye subtends an extremely small solid angle, two
rays belonging to the beam have very close slopes, so that the
straight lines that contain them can be written as:
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{
y = ux+ v [u]
y = (u+∆u)x+ v [u+∆u] ,

(1)

where u and u+∆u are the slopes of each line, and v (which
is a function of u) is the corresponding y-intercept of the
line. Since the two lines belong to the same ray beam, they
must intersect each other at the point image with coordinates
(xi,yi). Solving the previous two equations system we find:

xi = −v [u+∆u]− v [u]

∆u
(2)

and

yi = −u
v [u+∆u]− v [u]

∆u
+ v [u] . (3)

If ∆u is small enough, the incremental quotients can be re-
placed by derivatives, such that:

xi = −dv

du
. (4)

The explicit form of the function yi in terms of xi is then:

yi = u (xi)xi + v [u (xi)] , (5)

where u (xi) can be found from Eq. 4.
It is recognized in this last expression the Legendre an-

titransform of the function that represents the straight lines
containing the rays that reach the observer eye. In other
words, to find the locus of images it is required to find the
expression of the curve to which the rays, or their asymp-
totes, are tangent. Then, different observers see point images
of a given point object at different positions, although always
on the corresponding caustic curve. This result is valid when-
ever a small beam of rays entering a detection system is con-
sidered.

3 Application to an elementary case

Let us consider a flat horizontal interface between the vac-
uum and a transparent medium with constant refractive index,
n, represented in panel a) of Fig. 1 by the upper half-space
and the lower half-space, respectively. For our purpose, we
choose a Cartesian reference frame whose origin is a point on
the interface, with the positive y semi-axis upwards and the
positive z semi-axis perpendicular to the drawing plane to the
reader. Due to the symmetry of the problem, we can ignore
the z coordinate. A ray of light emitted by a point source lo-
cated at (0,ys) in the lower half-space (ys < 0) is refracted
at the interface. There we have called θi and θt the incidence
and transmission angles, respectively.

Let u and v in Eq. 1 be the slope and the y-axis intercept
of the line containing the transmitted ray. On the one hand,
from Fig. 1 it is apparent that:

u = cot θt (6)

and

ys tan θi =
v

u
. (7)

On the other hand, from Snell law the following expression
is obtained:

n sin θi =
1√

1 + u2
. (8)

From Eqs. (7) and (8) we finally obtain the following expres-
sion:

v =
ysu√

n2u2 + n2 − 1
. (9)

which represents the relation between the slopes and y-axis
intercepts of each and every one of the lines containing a re-
fracted ray at the interface. So, Eq. 9 is the Legendre trans-
form of the function we intend to find, and for which Eqs. 4
and 5 are valid. Therefore, using the expression for v given
by Eq. 9 in Eq. 4, we get:

xi =
−ys

(
n2 − 1

)
(n2u2 + n2 − 1)

3/2
. (10)

From this last relation, u can be expressed in terms of xi as
follows:

u(xi) =
1

n

√[
−ys (n2 − 1)

xi

]2/3
− (n2 − 1). (11)

Substituting this expression in Eq. 9 to get v[u(xi)], and sub-
stituting next xi, u(xi) and v[u(xi)] in Eq. 5, we write the
expression for yi as:

yi =
1

n

√[
−ys (n2 − 1)

xi

]2/3
− (n2 − 1)

×

[
xi +

−y
2/3
s x

1/3
i

(n2 − 1)
1/3

]
, (12)

which in turn can be written as:

yi =

√
n2 − 1

n

√
(−ys)2/3

(n2 − 1)
1/3

− x
2/3
i

×

[
−y

2/3
s

(n2 − 1)
1/3

+ x
2/3
i

]
. (13)
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This expression is the Legendre antitransform of v (u), and
represents the locus of all the images that could be detected
from anywhere in the first quadrant. To give it an even sim-
pler form, we introduce the constant xl, which represents the
abscissa of the point on the surface where the transmitted ray
is horizontal. Since the angle of incidence for this position
is the so-called limit angle, θl, above which total reflection
occurs, xl can be written as:

xl = −ys tan θl =
−ys√
n2 − 1

. (14)

Using this new constant, the expression (13) is written as:

yi =

√
n2 − 1

n

√
x
2/3
l − x

2/3
i

[
−x

2/3
l + x

2/3
i

]
. (15)

In panel b) of Fig. 1 several curves representing Eq. 15 are
shown. With xi and yi expressed in the same arbitrary units,
each of the curves corresponds to a different ys value. In
order to bear out that Eq. 15 effectively represents the lo-
cus of images, we have proceeded as follows: assuming a
3 mm in diameter pupil, we calculate the intersection point
of the extensions of the two rays that, at a distance from the
object to the observer dob, pass at y1 = yob + 1.5 mm and
y2 = yob − 1.5 mm from the ground, where yob is the height
of the observer’s eyes. The equations of the lines containing
these rays are easily obtained considering that their slopes
are tan(θt1) and tan(θt2), being θt1 and θt2 the transmis-
sion angles of the respective rays, and taking into account
that, while one of them passes through the point (dob, y1),
the other passes through the point (dob, y2). In order to re-
late the different parameters, geometric considerations have
been made in a scheme that represents the situation, such as
the one shown in panel c) of Fig. 1. Next, for each pair of
values (dob, yob), we have numerically found the pairs of val-
ues (xi, yi) that satisfy the equations set. The results obtained
match those obtained by means of Eq. 15.

All the calculations have been made assuming n = 1.33,
so the curves shown in panel b) of Fig. 1 would correspond
very closely to a water-air interface. Each of the curves in the
figure could then represent the locus, in a propagation plane,
of the images of a point object located at ys, for example
in a fish tank or a pond, according to the different observer
positions looking from above. Given the assumed azimuthal
symmetry, these results are valid in each propagation plane.
To extend this analysis to every observers located in the up-
per half-space, it is suffice to generate a caustic surface of
revolution by rotating the curve given by Eq. 15 around the
y axis. All the rays that, having started their path in the point
object reach the observer’s eye, have been refracted in such
a way that their extensions are tangent to the aforementioned
caustic surface.

4 Application to inferior mirages

In this section we intend to find the Legendre antitransform of
the asymptotics lines to the light rays that reach the observer
eyes at the time of an inferior mirage. The expression of this
antitransform allows to represent, in each propagation plane,
the curve on which the images of a point object are located
for different observers.

Adopting a reference frame with the x-axis parallel to the
ground and the y-axis perpendicular to it, on theoretical and
observational arguments, we have shown in a previous work
(Paola et al., 2022 [10]) that, on the occasion of a inferior
mirage, the refraction index varies with the y-coordinate as:

n (y) = nf

[
1− α exp

(
− y

β

)]
(16)

where nf is the n value in the field (i.e., far from the ground),
being α and β positive constants for given atmospheric con-
ditions, to be determined in each particular case. We have
neglected any small variation of n with x or z, considering
all meteorological variables as constants in each plane paral-
lel to the ground.

On the occasion of a inferior mirage, a ray of light coming
from some object, located at a height h, reaches a minimum
height y0, before continuing its upward journey. We called V
point that point of closest approach of the ray to the ground.
Adopting a coordinate system such that (0, y0) are the coor-
dinates of V point, and using Eq. 16 for representing n, we
have found the following expression (Paola et al., 2022 [10]):

x = 2βγ ln

(
1 +

√
1− exp

(
−y − y0

β

))
+γ (y − y0) (17)

to represent the trajectories of light rays on a propagation
plane when an inferior mirage occurs, where γ is given by:

γ =
1− α exp

(
−y0

β

)
√
2α exp

(
− y0

2β

) . (18)

Since α is of the order of 10−5 (Paola et al., 2022 [10]),
α exp

(
−y0

β

)
≪ 1, and thus, from Eq. 18, γ can be ex-

pressed as:

γ =
exp

(
y0

2β

)
√
2α

. (19)

Respect to a coordinate system with x = 0 at the object
position, Eq. 17 becomes:

x = 2βγ ln

(
1 +

√
1− exp

(
−y − y0

β

))
+γ (y − y0) + xv, (20)
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where xv is the distance from the object to the V point of the
ray, and it can be written as:

xv = 2βγ ln

(
1 +

√
1− exp

(
−h− y0

β

))
+γ (h− y0) . (21)

As shown in Paola et al. (2022 [10]), the curves representing
the light ray trajectories very quickly approach their asymp-
totes, merging with them a few millimeters beyond V point.
Therefore, we consider that each light ray that reaches the
observer eyes arrives in the direction of the asymptote to its
trajectory, whose equation is:

y =
1

γ
x− β ln 4 + y0,−xv/γ, (22)

as it was obtained from Eq. 20 taking into account that the
exponential tends to 0 for very large y values.

Considering that the light beam entering the pupil is very
small, the locus of the images of a point object as the observer
position varies, can be found in each propagation plane using
the result obtained in Sec. 2. We must then find the expres-
sion of the curve to which the asymptotes to the rays are tan-
gent or, what is the same, the Legendre antitransform of the
function relating y-intercept and slope of the asymptotes to
the rays reaching the observer eye. From Eqs. 21 and 22 it
follows that:

u = 1/γ (23)

and

v = −β ln 4 + y0 − xv/γ. (24)

Substituting Eq. 19 in Eq. 23 we get:

u =

√
2α

exp
(

y0

2β

) , (25)

from where we infer the following expression for y0 as a
function of u:

y0 = 2βln

(√
2α

u

)
. (26)

Replacing xv by Eq. 21 in Eq. 24, and taking into account
Eq. 26, we get:

v(u) = −β ln 4 + 2βln

(
2α

u2

)
− h

−2βln

(
1 +

√
1− 2α

u2 exp(h/β)

)
. (27)

Taking into account that 2α
u2exp(h/β) = 2αγ2

exp(h/β) ≪ 1 we ob-
tain for v:

v(u) = 2β ln
( α

2u2

)
− h. (28)

From the last expression we get:

xi = −dv

du
=

4β

u
, (29)

so that:

u(xi) =
4β

xi
(30)

and

v[u(xi)] = 2β ln

(
αx2

i

32β2

)
− h. (31)

Substituting then xi, u(xi), and v[u(xi)] in Eq. 5 by the
expressions found, we arrive at the following expression for
yi as a function of xi:

yi = A1 ln(xi) +A2 (32)

where


A1 = 4β

A2 = 4β − h+ 4βln
( √

α

4β
√
2

)
.

(33)

xi and yi represent in this case the distance from the object
and the height from the ground, respectively, at which the
image of a point object is formed, in any vertical plane con-
taining the axis of symmetry of the system. Notice that Eq.
32 is the Legendre antitransform of Eq. 27 and represents the
family of curves, one for each value of h, where the images
of all point objects are located. That is, whatever the location
of the observer (height from the ground and distance to the
object), the image of a point object is a point on one of those
curves.

5 Results

5.1 Locus of the images in a vertical plane passing
through the object

We have searched for the locus of the images (i.e., yi as a
function of xi) using, on the one hand, Eq. 32. On the other
hand, and to confirm our results, we have proceeded in a sim-
ilar way as we have done in the previous section when consid-
ering an elementary case: assuming a 3 mm in diameter pupil
and the observer’s eyes at yob, we calculate the intersection

Rev. Mex. Fis. ?? (*?*) (????) ???–???



6 RMF EDITORIAL TEAM

point of the asymptotes to the two rays that, at a distance dob
from the object, pass at y1 = yob+1.5 mm and y2 = yob−1.5
mm from the ground. To do this, we have first had to numer-
ically find the y0 values of the two rays that fulfill passing
through (dob, y1) and (dob, y2), respectively. The same results
have been achieved by one way or the other. The analysis of
the intersection points of the asymptotes to the rays reaching
the observer eye allows, additionally, to study, separately, the
behavior of xi and yi with dob.

In Fig. 2, for an point object located at h = 5 cm from
the ground, we represent: in panel a), the horizontal distance
from the object, xi, at which its image is formed as a func-
tion of the distance to the observer, dob, in panel b), the height
from the ground, yi, at which that image is formed, also as a
function of dob, and in panel c), yi as a function of xi for each
value of dob. The three panels show results for different val-
ues of the height of the observer’s eyes. Similar results are
shown in the following six panels for point objects located
at h = 50 cm, in panels d), e), and f), and h = 200 cm,
in panels g), h), and i). In all the panels, two sets of curves
are displayed, drawn with solid lines the ones and with bro-
ken lines the others, corresponding to α = 1.1086 × 10−5,
β = 0.33 cm, and α = 2.2445 × 10−5, β = 0.62 cm, re-
spectively. Whatever the values of these parameters, in Fig.
2 is seen that, on the one hand, as the observer moves away
from the object, the position of the image also moves away,
although, as the observer-object distance increases some kilo-
meters, the image-object distance increases only a few me-
ters. For given values of α and β, the rate at which xi changes
with dob depends on the height of the observer’s eyes. If
α = 1.1086 × 10−5 and β = 0.33 cm, for example, xi in-
creases by 14 m as the observer moves 1 km away from an
object located 50 cm above the ground, if his/her eyes are 50
cm from the ground, and only about 5 m if his/her eyes are
200 cm from the ground. This behavior is similar for all ob-
jects regardless of their height from the ground, although it is
less pronounced for higher objects. In other words, the vari-
ation of xi with dob is less notable both, for higher h and for
higher yob. It is worth pointing out that, for a given observer-
object distance, the images of the point objects closest to the
ground are formed further from the object, that is, closer to
the observer, than those of the highest point objects.

Regarding the dependence on α and β, it can be men-
tioned that higher values of these parameters imply, in gen-
eral, higher temperature conditions and greater air tempera-
ture gradients near the ground (Cruzado et al., 2023 [5]). In
Fig. 2 it is observed that the images are formed further from
the object for higher values of α and β, being xi in all the
cases some tens of meters long, except for the most extreme
weather conditions and point objects very close to the ground.
In the latter case, xi could be a few hundred meters long if
the observer’s eyes are less than 1 m from the ground. Under
these conditions, the nonlinear increase of xi with dob ob-
served in panel a) of Fig. 2, unlike what is observed in most
cases, is striking. This is a consequence of the behavior of
the V points of the rays starting from a given point object. At

the beginning, the greater the angle the ray form with the nor-
mal to the ground, the greater y0 (altitude) and the greater xv

(distance to the object), as we have shown in Cruzado et al.
(2023 [5]). However, this behavior extends up to a maximum
distance, from which the V points corresponding to y0 values
increasingly closer to h become closer to the object, so that
xv = 0 if y0 = h. Although this behavior is the same for
all h values, the maximum distance reached by the V points
increases very quickly with h, so that it is apparent for the
highest point objects in the range of distances considered in
the figure.

On the other hand, in panel b) of Fig. 2 it is observed that,
the higher the object point is, the lower the height under the
ground at which the image is formed, revealing the fact that
the image is inverted respect to the object in the case of in-
ferior mirages. As the observer moves away from the object,
the height from the ground at which the image of an point
object is formed also increases, although not in a linear way
as xi does. The yi behavior with h, yob, α and β is similar
to that of xi, although yi variations, as different parameters
vary, are only a few millimeters wide. Also revealed here is
the behavior of the V points for small h and yob values and
more pronounced vertical temperature profiles. Under these
weather conditions, it is also remarkable for small h values
that, even though the image of the object is still inverted, yi,
which in the vast majority of cases is below 0, takes posi-
tive values. So, sometimes, the image of the base of the ob-
jects could be located above the ground if the observer is far
enough from the object. For example, for α = 2.2445×10−5

and β = 0.62 cm, the image of every point object located at
h ≤ 5 cm is formed above the ground in every propagation
plane, if the observer is more than 850 m from the object and
his/her eyes 1 m above the ground. As a result, yi is a smooth
increasing function of xi, as it is displayed in panels c), f),
and i) of Fig. 2 for different h values and two different pairs
(α, β). Then, given h, α, and β values, the image position
of a point object on the corresponding curve depends on the
observer position.

5.2 Locus of the images in the space

We remind the reader that, as we explained at the beginning
of Sec. 2, we have been analyzing what happens in each prop-
agation plane. Therefore, the images of point objects would
be located on the curves shown in panels c), f), and i) of Fig.
2 if the light beam arriving at the detector had a negligible
horizontal opening, as it would happen, for example, if the
detector were a vertical slot. In addition, we are interested
on analyzing where a human observer would see the images
of a point object at the time of an inferior mirage, taking into
account that a beam of light with both, vertical and horizontal
aperture, contributes to the formation of images at the retina,
and taking also into account that a casual observer likely view
the phenomenon with both eyes. We are not interested in ocu-
lar aberrations and assume a perfectly circular, normal pupil.

To begin the following analysis, let’s first take a closer
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look at what happens in each propagation plane, by consider-
ing the asymptotic lines to the rays that, starting from a point
object, reach the upper and lower edge of a human pupil. The
extensions of these straight lines, after intersecting each other
at the point (xi, yi) on the corresponding caustic surface, as
we have just seen, intercept the y-axis, on which the object
is located, at two points that are nothing but the y-intercept
of the respective lines. The situation is represented in Fig. 3
panel a), where O1 and O2 are the mentioned y-intercepts.
Given the minimum distances to the object, dmin, at which
an observer should be located to view the mirage, as it was
analyzed in Cruzado et al. (2023 [5]), and considering the
values of xi ≪ dmin found in the present work, it is prompt
to infer that O1 and O2 are very close to each other. To see
the image of a vertically extended object from its base, for
example, an observer with his/her eyes at yob = 1.8 m from
the ground should be at least 386 m away from the object, if
α = 1.1086 × 10−5 and β = 0.33 cm, while xi is only a
couple of tens meters long, as seen in Fig. 2. In fact, we have
been able to calculate that O1 is always only a few hundredths
of a millimeter from O2. In a scale graph the points O1 and
O2 would not be distinguishable from each other. Given the
azimuthal symmetry assumed for the problem, the situation
described corresponds to any vertical plane containing the y-
axis, as it is represented in Fig. 3 panel a). It could be said
then that all the rays that start from a point object and reach
the detector intersect each other at a point on the y-axis.

To take into account the horizontal opening of the light
beam, let us consider the asymptotes to the two rays that,
starting from a point object, reach the lateral edges of a hu-
man pupil. Each of these extreme lateral rays is contained in
their own propagation plane, so neither they nor their asymp-
totes intersect each other anywhere between the point object
and the eye. However, each of these rays is tangent to the
caustic surface at the point where the rays reaching the upper
and lower borders of the pupil, in the corresponding propaga-
tion plane, intersect. These extreme lateral rays draw a small
horizontal segment on the caustic, as represented by C1C2 in
Fig. 3 panel b), and intersect each other at a point midway
between O1 and O2 on the y-axis. It should be noted that
the small horizontal segment C1C2 on the caustic is as large
as the vertical segment O1O2 on the y-axis. Anywhere be-
tween the object and the observer, the rays entering the pupil
draw an ellipse in a plane perpendicular to them. Near the ob-
server it is a horizontal major axis ellipse that flattens out as
the distance to the observer increases, becoming the segment
C1C2 on the caustic. From there, the ellipse is deformed in
such a way that it turns to a vertical major axis ellipse, even-
tually becoming the segment O1O2 on the y-axis. Between
the segments C1C2 and O1O2 the rays shape a circle called
the circle of least confusion. The reader likely recognizes in
this description the situation that an astigmatic eye generates.
Astigmatism is a refractive error caused by an irregularity in
the shape of the eye, resulting in blurred vision. However,
we have assumed a perfectly circular normal pupil and the
described astigmatism is introduced in this case by the atmo-

sphere, which is found in the particular conditions that would
give rise to inferior mirages. Although the segments C1C2

and O1O2 are very short, they are not theoretically points.
Then, in looking at with only one eye, the observer would see
the image where the circle of least confusion is located. In-
stead, taking into account that the eyes are about 6 cm apart, if
an observer were to look at the phenomenon with both eyes,
the horizontal opening of the beam would be much greater
than the vertical one, and the observer sees the image on the
y-axis passing through the object. Then, assuming that ca-
sual observers look at the phenomenon with both eyes, the
image coordinates are x = 0 and y ≈ O1 ≈ O2 respect to a
reference frame such that the object is on the y-axis.

To illustrate these results and as an example we have in-
cluded the figures 4, 5, and 6.In Fig. 4, adopting a coordinate
system (x,y,z) such that the plane (x,z) is on the ground and
the y-axis is perpendicular to it, an object 0.5 m tall and 2 m
wide, which might be a bush, is shown. The object is located
with its axis of symmetry perpendicular to the ground, 500
m from an observer and with one of its faces, the one repre-
sented with the thick line in Fig. 4, oriented towards him/her.
We assume that the face of the object in front of the observer,
who is looking from (0,1.8,0) in the figure, is the only one
from which light rays can reach him/her. Let us consider as
object 1 the face oriented to the observer of the object repre-
sented in Fig. 4.

In panel a) of Fig. 5 the positions of this object and its
inverted image are displayed with thick solid lines as they
would be formed in each propagation plane. We can clearly
confirm the conclusions reached in previous paragraphs. In
particular, it is observed that the images of the points of ob-
ject 1 very close to the ground are formed visibly closer to
the observer than the others, this not being due only to the
fact that the lower part of object 1 is closer to the observer
than its upper part, as we show below. The dashed line in
the figure represents the apparent position of object 1, that
is, the position in which it would appear to be located once
the light has passed through a device as a vertical slot located
at 1.8 m above the ground. To understand the meaning of
this, it must be taken into account that the rays that, starting
from any point object, go directly upwards and eventually
reach a detector, also deviate from their original rectilinear
path due to atmospheric refraction. Therefore, the position
of an object as detected by the slot or seen by the observer
in a vertical plane does not exactly match its actual position.
This effect is more pronounce as the point object is closer to
the ground, where the vertical gradient of temperature, and
therefore of n, is greater. To represent it in Fig. 5, Eq. 20
and Eq. 22 have been used again to represent the trajectories
of the rays and their asymptotes, but keeping in mind that
xv ≤ 0 for the rays arriving directly from the object to the
detector. Since the analysis of the apparent position of the
object involves the same equations as those used to analyze
the position of the image, similar conclusions are inferred.
The apparent difference in Fig. 5 is that, the points of the
object closest to the ground imply apparent positions located
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further away from the observer. In panel b) the curves have
the same meaning as in panel a), although they correspond to
another object, named object 2. This new object is similar to
the previous one but, unlike object 1, it is located vertically
to the ground. It is evident that, even in this case, the images
of the points very close to the ground are formed closer to
the observer than the others, even though the lower and up-
per parts of object 2 are at the same horizontal distance from
the observer.

In Fig. 6, the object 1 and its image, in the position
in which an observer would see them looking at the phe-
nomenon with both eyes, are displayed. From what has been
said in previous paragraphs, it is clear that the image of each
point belonging to the object is formed at a distance from the
observer equal to the distance at which this point is located.
As for the height from the ground at which the images are
formed, they are given by the y-axis intercept of any of the
asymptote to the rays that, starting from the considered point,
enter the eyes of the observer.

6 Summary and conclusions

In this work it was first shown that:

1. as long as the beam of rays entering a detection system,
which could be the human eye, has a small aperture,
the image of a point object formed by that system in
a vertical plane passing through the object is a point,
regardless of whether the image formed by a optical
system previously traversed by the beam has generated
a non-point image of the object;

2. the different images formed by the detection system as
its position relative to the object varies, are located on
the caustic curve corresponding to the previously tra-
versed optical system.

Then, we have applied these results to two particular cases:
i) given a horizontal separation surface between two media
of different refractive index, to the images of a point object
located in one of the media detected by an observer located in
the other, and ii) to the images detected by an observer on the
occasion of an inferior mirage. The analytical expressions of
the caustic curves (i.e., yi in terms of xi), in both cases, have
been found by means of the Legendre antitransform of the
lines containing the refracted rays, or their asymptotes.

To confirm our results, we proceeded, in both cases, as
follows: assuming a vertical aperture of the detection sys-
tem of 3 mm (equal to a human pupil diameter) and a height
from the ground yob, we calculate the intersection point of
the asymptotes to the two rays that, starting from a point ob-
ject, pass through (dob, y1) and (dob, y2), respectively, being
y1 = yob+1.5 mm, y2 = yob−1.5 mm, and dob the observer-
detector distance. This last procedure has also made it possi-
ble to obtain relevant information on the behavior of yi and
xi, separately, with parameters such as dob, yob, and h, in the
case of inferior mirages, a phenomenon of priority interest in
this work.

We have also analyzed the influence of atmospheric con-
ditions on this phenomenon by varying α and β values, pa-
rameters used to characterize the atmosphere state near the
ground. As it was already concluded in previous works,
higher temperature values and steeper gradients affect the ap-
pearance of the phenomenon in an evident way close to the
ground. Finally, and since all the previous analysis refers
to what happens in each each of the planes that we have
named propagation planes, we have analyzed the appearance
of the phenomenon for a real human observer, that is, in space
rather than in a plane.

To carry out all the calculations, we have adopted dob and
yob values such that the observer (or any detector) is able to
see the mirage. As this regards, we recall the results achieved
in Cruzado et al. (2023 [5]) concerning the regions in each
propagation plane where an observer should be located to ob-
serve the phenomena. As we show in this previous work,
the limits of those regions depend on the atmospheric con-
ditions, which we have been able to include through α and
β parameters. Assuming that the refractive index near the
ground grows exponentially, as suggested by theoretical ar-
guments and experimental measurements, a proper treatment
of the heat transport mechanisms that would take place at the
time of a inferior mirage has led us to build a simple model
to describe the atmosphere state. This allows to express α
and β parameters in terms of three measurable temperature
values, which correspond to three different altitudes, namely:
ground level, 1 cm, and that at which field temperature is
reached. The results shown in this work have been obtained
by adopting α and β values that account for feasible temper-
ature profiles in nature. It is important to highlight that the
treatment we have carried out allows the reverse path: given
the characteristics that the phenomenon shows at the time of
its visualization, to infer the atmospheric conditions that are
taking place.
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FIGURE 1. Plane-horizontal interface between the vacuum and a
transparent medium of refractive index n: image formation. Panel
a): trajectory of a light ray emitted by a point object located at
(0, ys). Panel b): curves representing the images positions seen by
observers located in different points of the first quadrant, for differ-
ent ys values. Panel c): trajectory of light rays emitted by a point
object located at (0, ys) arriving to the observer eyes.
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FIGURE 2. Inferior mirage: Location of the images. For a point object at h = 5 cm from the ground, panel a) shows the x position of the
image, xi, as a function of the distance to the observer, dob, panel b) shows the y position of the image, yi, as a function of the distance to
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