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ABSTRACT

The cathode-sheath region of a discharge in atmospheric pressure air with a flat copper cathode is numerically investigated by using a simple
fluid model that takes into account non-local ionization. The effects of the cathode temperature are considered. Results are obtained in a
wide current density range of 1–102 A/cm2, which spans from normal glow discharge, through abnormal glow discharge, up to the early
stages of the arcing transition. It is shown that the glow-to-arc transition arises from a field-emission instability at the cathode when the cur-
rent density is larger than �10A/cm2, i.e., when the cathode field exceeds a critical value of about 45V/lm for the conditions considered. It
is also shown that the cathode temperature significantly influences the cathode-sheath region. The proposed model is validated by comparing
the numerical results with available experimental data.

Published under license by AIP Publishing. https://doi.org/10.1063/5.0035710

I. INTRODUCTION

Measurements of cathode-sheath voltages in atmospheric pres-
sure glow discharges1,2 suggest that secondary electron emission can
still sustain the large (nearly quadratic3) increase in the cathode cur-
rent density due to the increased pressure. However, such a state is
unstable. A rise in the cathode current density above some critical
value results, as a rule, in the glow-to-arc transition3,4 characterized by
a large drop in the cathode-sheath voltage. This voltage drop is associ-
ated with a shift in the electron emission mechanism from secondary
emission to field emission in cold cathodes.4 Gas discharge instabilities
resulting in the plasma filamentation have been extensively studied, as
summarized in a recent review article.5 However, there have not been
many works characterizing the process within the cathode sheath,
leading to an instability in the glow discharge.6 Note that for gaps
below 10lm (i.e., field emission sustained microdischarges7) the glow
regime is usually absent, even at atmospheric pressure, because the
cathode-sheath thickness is typically higher than the gap length.4 In
such a case, field emission in microdischarges leads to a direct transi-
tion from Townsend-to-arc discharge.8

In this work, a simple model of the cathode-sheath region of an
atmospheric pressure air discharge with a cold cathode is presented.
The model aims to study the elementary processes within the cathode
sheath responsible for the glow-to-arc transition in which the field
electron emission replaces secondary emission due to the increase in
current density. The current density–voltage characteristic of the cath-
ode sheath is presented over a wide range of current density values,
from 1 to 102 A/cm2. The proposed model is validated by comparing
its numerical results with available experimental data.

II. CATHODE-SHEATH MODEL

A simple fluid model of the cathode sheath for a discharge in
atmospheric pressure air with a flat Cu cathode is proposed. If the cur-
rent density is low enough (i.e., well below that needed for an arc hot
spot in Cu), the current is concentrated in a single spot causing a negli-
gible erosion of the cathode surface, and no electrode material (metal
vapor) is introduced into the discharge. The background gas tempera-
ture is assumed to be T¼ 700K, i.e., close to that of the cathode spot.
The temperature in current spots on Cu (which are not the hot arc
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spots), at moderate and high-pressure discharges, typically does not
exceed 700K.9 The cathode sheath is assumed to be planar and one-
dimensional. The reasons for this are that if the discharge current is
not too low, at moderate and high-pressures, the current spot in the
cathode has linear dimensions that are large compared to the sheath
thickness.4

The electric field in the cathode sheath decreases almost linearly
with the distance x from the cathode, becoming relatively small at the
edge of the plasma, so that as a reasonable approximation we assume
that4,7,10,11

E xð Þ ¼ EC 1� x
d

� �
; (1)

where EC is the field value at the cathode and d is the sheath thickness.
It is expected that this assumption is not critical to the proposed
model, particularly close to the cathode-sheath edge, because the mean
electron energy in this region is well decoupled from the local field
value. Both EC and d depend on the nature and density of the gas and
on the electron emission mechanism of the cathode surface.
According to Poisson’s equation, the positive space-charge density nþ
remains constant over the cathode sheath for the field distribution (1).
It, thus, follows that6

EC
d
¼ e
�0

nþ ¼
1
�0

jþ 0ð Þ
vþ 0ð Þ

 !
; (2)

where jþ(0) and vþ(0) are the ion current density and ion drift velocity
at the cathode surface, respectively, e is the absolute value of the elec-
tron charge, and e0 is the dielectric permittivity of vacuum. The num-
ber density of electrons in Poisson’s equation is neglected because of
their high mobility.4 Two sorts of positive ions are taken into account
in the model, N2

þ and O2
þ ions. Reactions other than direct electron-

impact ionization of air molecules are not considered. In high-field
conditions, the ion drift velocity depends both on T and on the local
reduced field.12 Tabulated data13 for the momentum-transfer collision
integral, extrapolated to the high-energy range through experimental
data,14 are used in the calculations.

In order to include the effects of field emission at high-current
density values, the ion current density at the cathode is given by

jþ 0ð Þ ¼ j� jFN
1þ c

; (3)

where j is the total current density, c is the secondary emission coeffi-
cient (taken to be 0.005 for air ions on an oxidized copper cathode4),
and jFN is the field emission current density given by the
Fowler–Nordheim equation,15

jFN ¼
AFNb2EC2

ut2 yð Þ
exp �

BFNu
3
2v yð Þ

bEC

 !
; (4)

where AFN and BFN are constants, u is the cathode work function
(taken to be 2 eV, for the oxidized copper cathode4), and b is the field
enhancement factor depending on the roughness of the emitting sur-
face4 (taken from Ref. 15; see discussion in Sec. III). v(y) and t2(y) are
correction terms.16

To partly take account of non-local effects in the cathode
sheath,17 the model also solves the electron energy equation,11,18

d
dx

e ¼ E � eþ EIð Þa�
X
k

Dek dk; (5)

where e is the mean electron energy (in eV units). The second term on
the right-hand side of (5) describes the electron energy spent in ioniza-
tion processes and thermalization of the created electron (EI is the ion-
ization energy per ionization event, equal to 15.6 eV for N2 and
12.1 eV for O2). The last term accounts for the electron energy trans-
ferred to molecules in high-threshold excitation reactions k. Excitation
reactions with an energy threshold of Dek �9.97 eV are considered in
the calculations. It was found that the inclusion of other excitation
reactions with lower energy threshold does not significantly affect the
energy of the electrons under the high-field conditions considered.
The Townsend ionization coefficients and the excitation coefficients
are calculated as a function of e for the mixture N2–20%O2, by solving
the electron Boltzmann equation with the help of the Bolsigþ code.19

The corresponding cross-sectional data are taken from Ref. 20. A
recent analysis reveals that the present approach (for which the elec-
tron transport coefficients and the excitation rates are determined as
functions of electron energy rather than the local field, as was sug-
gested in Ref. 21) is appropriate to model the cathode-sheath region of
a glow discharge.22 When solving (5), it is assumed that the electrons
are emitted from the cathode with a kinetic energy of about 1 eV.18

Moreover, the growth of the electron current density je over the
cathode sheath is given by the multiplication factorM,

M � exp
ðd
0
a dx

 !
: (6)

Neglecting the weak ion current entering the cathode sheath from the
plasma side, the cathode sheath can be considered as an autonomous
system;4 therefore, the condition of self-sustainment of current should
be satisfied,

M ¼ j 1þ cð Þ
j cþ jFN

: (7)

Note that Eqs. (2)–(4) establish a relationship between EC, d, and
vþ(0), for a given value of the total current density j. For a gas with
only one type of ion, vþ(0) depends only on T and the local reduced
field (EC/n, with n being the gas number density). In this case, by
assuming a value of EC and substituting it into (2), d is obtained [as
jþ(0) and vþ(0) are completely defined by EC]. Next, substituting E(x)
into (5), the distribution of e(x) along the cathode layer is calculated,
from which a(x) is, in turn, obtained. Then, substituting a(x) into the
right side of (6), that is also the right side of (7), M is obtained by
numerical integration. Finally, by comparing M with the value on the
right side of (7), EC is determined through an iterative process. Finally,
using

VC ¼
EC d
2

; (8)

the corresponding voltage drop across the cathode sheath VC is
obtained for the given value of j. On the other hand, if multiple ions
are considered, an explicit relationship between d and EC cannot be
obtained. The reason is that vþ(0) depends not only on the local field
EC but also on the ion composition at the cathode, which is deter-
mined by the ionization processes throughout the sheath,
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vþ 0ð Þ ¼
X

vi vþ;i 0ð Þ; (9)

where the mole fraction of ions of type i at the cathode vi is given by

vi �
nþ;i 0ð Þ
nþ

¼ 1
nþ vþ;i 0ð Þ

ðd
0
aijedx; (10)

where nþ,i(0) and vþ,i(0) refer to the number density and drift velocity
of the ions of type i, at the cathode, respectively. ai is the Townsend
ionization coefficient of the corresponding reaction. In this case, in
addition to assuming a value of EC for a given current density of j, a
starting value of vi must also be assumed. The above process is
repeated, but the value of vi is then recalculated through (9) in each
iteration. However, the iteration procedure has a rapid convergence
because the value of vi varies little as compared to EC with the increase
in j, at least under the conditions considered in this work.

III. MODEL RESULTS AND DISCUSSION

Atmospheric pressure air glow discharges between metallic elec-
trodes and Cu cathodes and for discharge lengths from 0 to 10mm
have been studied in a number of experiments.1,2,23–26 The glow-to-
arc transition was also investigated in Refs. 23 and 24 in the current
range of 10mA–1A. It was found that the (sharp) glow-to-arc transi-
tion in Cu cathodes occurs at current>0.2 A. Current density data at
the cathode are only available for the glow discharge regime
(�1–100mA). Spot current densities for arcs reported by different
authors in Cu cathodes lie in the wide range of 104–108 A/cm2.4,27

Figures 1 and 2 show the axial distributions of the main cathode-
sheath parameters, calculated for a current density of 6A/cm2.

Axial profiles of the voltage and electric field are presented in
Fig. 1. In order to test the influence of the cathode temperature on the
calculated parameters, calculations for a cathode spot at room temper-
ature (T¼ 300K) are also presented in Fig. 1. It is shown that the
cathode temperature influences significantly the main parameters
(field distribution, thickness, and voltage drop) of the cathode sheath.

In particular, the model predicts an increase in the voltage and thick-
ness of the cathode sheath for a given current density, with increasing
cathode spot temperature. These results are consistent with those
obtained in a number of investigations.28–30 The calculated cathode-
sheath voltage (about 313V) is also in good agreement with
zero-length voltage values inferred form voltage measurements under
similar conditions.1,23–25 The high-voltage drop in the cathode sheath
of a glow discharge ensures self-sustenance of plasma by multiple ioni-
zation collisions of electrons produced by secondary electron emission.

Axial profiles of the Townsend ionization coefficient and mean
electron energy are given in Fig. 2. It is seen that while the electric field
decreases over the width of the cathode sheath, both the mean electron
energy and the ionization coefficient increase. The reason is that the
electrons are accelerated by the field, thus acquiring enough energy for
significant ionization only after a given distance from the cathode. The
mean electron energy rises rapidly from 1 eV at the cathode surface
and reaches its maximum of 36 eV at around 3.5lm, before decreas-
ing toward the cathode-sheath edge. However, in spite of the fact that
the field is very small there, the mean electron energy is still large
(around 8 eV) due to the considerable electron acceleration that occurs
in the cathode sheath. This means that the ionization is non-local in
the cathode sheath (note that the local field approximation would
underestimate the ionization coefficient near the plasma boundary
and overestimate it near the cathode surface). The spatial variation of
the Townsend ionization coefficient emulates that of the mean elec-
tron energy, thus suggesting a rapid acceleration of ionization pro-
cesses therein, to ensure the current continuity through the
cathode–gas interface for conditions in which the electron emission is
practically absent. The field emission does not play any role under
these conditions (as shown in Fig. 5).

Figure 3 shows the same cathode-sheath parameters as Fig. 2 but
for an increased current density of j¼ 100 A/cm2. It is seen that the
mean electron energy increases rapidly from 1 eV at the cathode sur-
face and reaches its maximum of about 40 eV at around 1.8lm from
the cathode. The maximum value of the mean electron energy,

FIG. 1. Axial profiles of the voltage and electric field calculated for a current density
of 6 A/cm2. For comparative purposes, the same profiles but calculated for a cath-
ode temperature equal to room temperature (300 K) are also shown.

FIG. 2. Axial profiles of the mean electron energy and Townsend ionization coeffi-
cient calculated for a current density of 6 A/cm2.
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however, is not far from the cathode-sheath voltage (estimated from
Fig. 6 to be only 100V). This is because very strong ionization is not
required as the field emission mechanism is strong enough (see Fig. 5)
to provide a significant part of the current to the discharge. The frac-
tion of the electron current at cathode S [� je(0)/j] is in this case
around 0.3, that is, considerably larger than for glow discharges [S¼ c/
(1 þ c)] but lower than for arcs (S�0.6).4 This suggests that this
regime corresponds to the early stages of the arcing transition due to
field emission. Note that the discharge current density is still well
below the values expected for (hot) arc spots on Cu cathodes
(�104–108 A/cm2).4,27 Conditions that prevail within the hot arc spot
and that allow such high current densities cannot be described by this
model.

The current density dependence of the main parameters of the
cathode sheath is given in Figs. 4–6.

Figure 4 shows a rapid increase in the positive space-charge den-
sity with the increase in current density, and, according to Poisson’s
equation, this implies that the spatial derivative of the electric field also
grows. This is consistent with the reduction in the thickness of the
cathode sheath with the increase in the current density.

Calculations show that the N2
þ ion is the dominating sort of ion

under the high-field conditions considered, with a mole fraction
around 0.9, almost independent of the current density value. The rea-
son is that N2 molecules are more intensively ionized than the O2 mol-
ecules under high-field conditions. The fraction of the electron current
at the cathode along with the cathode field is shown in Fig. 5. It is
observed that the cathode field increases with current density. With an
increase in the electric field, the electrons emitted by the cathode by
secondary emission gain more energy and are, in turn, capable of
producing more additional electrons through direct ionization. The
combination of a larger electric field and a larger number of addi-
tional electrons results in a higher current density. This is charac-
teristic of an ionization-dominated cathode sheath and explains the
dependence of the cathode electric field on current density in the
range of 1–10 A/cm2. Any posterior growth in the current density

above the critical value of �10 A/cm2, i.e., for which the field
exceeds a critical value of about 45 V/lm, produces a sharp growth
of the electron field emission. Multiple ionization collisions are,
thus, not required, and the cathode-sheath becomes field emission-
dominated. This behavior is seen in Fig. 5 as a change in the slope
of the cathode field curve at the critical value of �10 A/cm2 and is
also consistent with the change in the sign of the slope of the
voltage–current density curve (shown in Fig. 6).

Figure 6 highlights three important phases of a typical self-
sustained discharge, namely, I—the normal glow discharge when the
current density is less than 6A/cm2, II—the abnormal glow discharge
phase when the cathode voltage increases monotonically for current
densities in the range of �6A/cm2 < j< 10 A/cm2, and III—the early
stages of the arcing transition when the cathode-sheath voltage
decreases rapidly for current densities larger than �10A/cm2.

FIG. 5. Current density dependence of the cathode field and fraction of the electron
current at the cathode.

FIG. 3. Axial profiles of the mean electron energy and Townsend ionization coeffi-
cient calculated for a current density of 102 A/cm2.

FIG. 4. Current density dependence of the thickness and space-charge density.
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Although the contraction of glow discharges is often referred to as arc-
ing, the filament plasma regime lies between the non-equilibrium
plasma of a glow discharge and the typical equilibrium plasma of ther-
mal arc discharges. The current density in a filament plasma is greater
than that in the glow discharge but lower than that in the arc.4

Experimental data are also shown in Fig. 6. As can be seen in
Fig. 6, the agreement between the model and the available data is
good. Note from (4) that the field enhancement factor b has a strong
effect on the determination of the critical field (or current density) for
the glow-to-arc transition. A change in the value of b shifts the critical
current density at which the slope of the curve changes. However, the
experimental observation that the glow-to-arc transition occurs at
currents>0.2 A,23,24 which corresponds to a cathode current density
around 10–12A/cm2,24,25 adds confidence on the characteristic curve
presented in Fig. 6.

The average number of ion collisions in the cathode sheath is at
least one order of magnitude larger than unity over the entire current
density range, thus showing that the hydrodynamic description is well
justified for ions. This assumption is also justified for electrons since
the average number of electron collisions in the cathode sheath is at
least comparable to unity, rather than smaller.

IV. CONCLUSIONS

The described model represents a framework to obtain the cur-
rent density–voltage characteristics of the cathode sheath for a high-
pressure discharge in air with a cold cathode. Numerical results were
presented in a wide current density range from 1 to 102 A/cm2. The
proposed model is validated by comparing the numerical results with
available experimental data, and a good agreement is found. The main
findings are summarized below:

1. The model predicts three important phases of a typical self-
sustained discharge: the normal glow discharge, the abnormal
glow discharge, and the transition to arcing.

2. The glow-to-arc transition arises from the field-emission insta-
bility when the current density is larger than about 10 A/cm2,

i.e., when the cathode field exceeds a critical value of about
45 V/lm.

3. The influence of the cathode temperature on the cathode-sheath
parameters should be considered in high-pressure discharges.
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