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Abstract A multiphysic model that simultaneously describe different transport phenomena in porous media is
presented. The porous matrix is regarded as a bundle of periodically constricted tubes, whose pore radius dis-
tribution is described by a probability density function (PDF). The mathematical basis and the experimental
validation of the model are reported. Two different materials frequently used in paper-based microfluidics were
used: Whatman #1 and Muntktell O0A filter papers. These substrates were studied by capillary imbibition, hydro-
static pressure-driven flow, and electrical resistance measurements. Different PDFs were evaluated to represent
the output of these experiments, and their predictions were quantified by using a Chi-Square test. The model was
able to simultaneously describe the three transport phenomena by using the log-normal PDF with two statistical
parameters: mean and variance. The formulation avoids including the tortuosity of the flow path, which is com-
monly employed as an adjusting parameter. The multiphysics model was also successfully used to calculate the
parameters of single-physics models, such as Darcy’s permeability and Lucas-Washburn diffusion coefficient.
Furthermore, after obtaining a suitable PDF, the proposed model can be applied to different porous materials, as
well as to the design of complex paper-based microfluidic devices that combine several types of papers.

Keywords Paper-based microfluidics - Capillary flow - Fluid transport model - Pore radius distribution

1 Introduction

Understanding the microstructure and physicochemical properties of porous media is of great importance for sev-
eral fields in order to carry out rational design and optimization processes (Schaumburg et al., 2018a; Masoodi
and Pillai, 2010; Gerlero et al., 2022). Particularly, microfluidic paper-based analytical devices (uPADs) have
gained remarkable popularity with their applications in chemistry, medicine, genetics, and cell biology, among
others (Modha et al., 2021; Tesfaye and Hussen, 2022). However, currently there exists the need to accelerate the
introduction of tPADs into the market and public health systems. Reliable and useful mathematical models are
required to predict the behavior of uPAD under different operative situations, which involve phenomena such as
capillary imbibition, pressure-driven flow (Shen et al., 2021), electroosmotic flow, and electric current (Mai et al.,
2019; Franck et al., 2021), plus those related to the transport and reaction of different chemical species. Porous
media in general, and particularly paper substrates, have being systematically studied for fluid transport and, over
the last century, several mathematical models have been proposed together with attempts for experimental valida-
tion. The aim was to define and characterize parameters that can act as intrinsic descriptors of pore structure and
their influence on the macroscopic behavior of porous media for fluidic and electric phenomena (MacDonald,
2018). In the pioneer works of Lucas (1918) and Washburn (1921), paper was modelled as a single circular and
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uniform cross section capillary tube. Later on, Kozeny (1927) modelled the porous medium as a bundle of capil-
lary tubes of equal length, with not necessarily circular cross-section, neglecting the fluid velocity normal to the
tube’s axis. More recently, Bear (1972) represented the flow through a parallelepiped body of porous medium in a
laminar flow regime, with circular capillary tubes of fixed diameter, by using the Hagen-Poiseuille law, and Schei-
degger (1974) related the distribution of diameters of the capillary tubes to the pore size distribution. During the
last years, models composed of a network of interconnected capillary channels were proposed (Gruener et al.,
2012; Cummins et al., 2017).

Regarding capillary-driven flow, numerous experimental works have been documented as input for more
complex interpretations of Lucas-Washburn dynamics. For example, Bohm et al. (2014) studied the influence
of the fiber material and porosity on the efficiency of capillary-driven flow of aqueous solutions. Elizalde et al.
(2016) made systematic wetting cycles and observed the trends in the imbibition dynamics due to changes in
the inner structure of Whatman # 1 paper. More recently, Lei et al. (2021) presented a model for the dynamics
of capillary flow in periodically (sinusoidal) undulated channels, predicting the capillary rising dynamics. Addi-
tionally, the speed of meniscus advance as a function of capillary radius (variable) was described by Gorce et al.
(2016). A similar process was documented for electrical properties, as it is described in the first works of Archie
(1942), where the author proposed an empirical relationship that links the experimentally measured factors to the
electrical conductivity of both the saturated rocks and the solution inside the void space. There were also different
proposed relationships between the electrical conductivity of saturated porous media and pore fluid conductiv-
ity, like those based on effective medium (Bussian, 1983), percolation (Ghanbarian et al., 2014) and cylindrical
tubes (Herrick and Kennedy, 1994).

As it was mentioned above, an important number of mathematical models and the associated experiments
have been presented in the literature, aiming to reproduce only a particular phenomenon, such as Darcy flow (Mora
etal., 2019), capillary imbibition (Piovesan et al., 2022; Elizalde et al., 2016; Salama et al., 2021), electrical resis-
tance (Mai et al., 2019), electroomotic flow and electrophoretic migration (Schaumburg et al., 2020), or advective
non-reactive transport (Schaumburg et al., 2018b; Urteaga et al., 2018). With the aforementioned exceptions, most
of these models consider the paper porous structure as a bundle of non-interconnected capillary tubes and, on a
general basis, the idea requires three different parameters: (i) porosity (¢), which is a direct physical parameter
representing the fractions of void volume over the total volume of the substrate; (ii) Darcy permeability (K),
which represents the constant of proportionality between the pressure gradient and the fluid flow under Darcy
flow conditions; and (iii) tortuosity (7), which is defined as the ratio of the hypothetical average length of the cap-
illary tubes to the length of the substrate in the flow direction (Duda et al., 2011). These three parameters clearly
differ on their nature and accessibility. While ¢ and K can be measured via several techniques (Berg, 2014; Bear
and Cheng, 2010), T is a mathematical abstraction attached to the hypotheses of the model of non-interconnected
capillary tubes (Liu et al., 2018; Cai et al., 2014; Duda et al., 2011).

It has been shown experimentally that capillary-driven infiltration in paper strips follows the simple Lucas-
Washburn dynamics, L% = D¢, where L is the position of the imbibition front at time ¢ and is D a dynamic
coefficient that depends on the characteristics of both the fluid and porous matrix. Actually, D is related to the
Darcy permeability by D = KAP/u, where AP is the driving pressure difference, and u is the fluid viscosity.
Further descriptions of D in terms of the paper microstructure require models for both K and AP.

The simplest physical representation of the porous space is the capillary bundle model: straight, parallel,
and not interconnected pores of hydrodynamic radius r,, for which the permeability is K = r,% /8. Concerning
the pressure, the Laplace equation is adopted, AP = 27ycos8/r. , where ¥ is the surface tension, and 0 is the
meniscus contact angle, and r. is the capillary radius. Besides, it is customarily assumed that r, = r. = 7pore,
where . is expected to be the actual pore radius of the porous matrix. Then, the dynamic coefficient results
D = rpore’Ycos® /(4p). The practical problem that emerges is that water infiltration in paper (namely Whatman #1,
nominal pore radius about 11um) is much slower than the value predicted by the above expression. Conversely,
the effective pore radius (r.r) that satisfies the experimental value of D is abnormally small (about 100nm).

A straightforward correction is the incorporation of the tortuosity 7, aimed to account for the non-linear fluid
paths of the cellulose matrix. Thus, considering r.rr = rpore/ 72, the tortuosity of Whatman #1 (rpore ~ 11m)
results T ~ 10, which is much larger than the expected for the configuration of cellulose fibers in paper. A second
drawback of this approach is that the tortuosity values required to fit experimental data, strongly depends on the
type of experiments (capillary filling, pressure driven-flow or electrically-driven transport) (Ezzatabadipour and
Zahedi, 2021; Gerlero et al., 2021). It is therefore necessary to extend the existing models to a more general
multiphysic approach that represents several transport phenomena at the same time, while avoiding the uncertain
parameter 7 in calculations.

Alternatively, one may introduce the well-known concept of periodically constricted tubes: a capillary bundle
of parallel tubes, but now the pore radius is allowed to vary along the axial direction. Considering capillary tubes
with periodic step changes of radius, from gy to 1, and vice versa, yields repp ~ (rﬁqm) /(r3..) (Berli et al.,
2017). For Whatman #1, assuming 7,4 ~ 11m, one obtains r,,;,, ~ 3.1m. Although these values are physically
sound, one is still dealing with a pair of unknown parameters (analogously to r.rf = pore/ 72 ), where at least
one of them cannot be measured. The problem is inherited from the ambiguous inclusion of the hydrodynamic
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and meniscus radius in the model, as mentioned above. In fact, the fluid dynamic problem itself suggests that
there must be two relevant lengths characterizing the pore-scale geometry. In our present proposal, we stay in
the scenario of the bundle of capillaries with periodically varying radii and include an innovative approach: the
use of a probability density function to describe the pore radius distribution. Mathematically speaking, we are
still dealing with the determination of two parameters (the mean and variance of the distribution), but these
characteristic parameters are able to simultaneously represents four different transport phenomena (capillary
filling, pressure-driven flow, electric transport, and electroosmotic flow), which constitutes a substantial gain in
the route toward a generalized model of paper substrates.

The experimental validation was performed over two substrates frequently used in yPADs: Whatman #1 and
Muntktell 00A filter papers. We report measurements of capillary imbibition, hydrostatic pressure-driven flow,
and electrical resistance measurements. The proposed PDFs were evaluated by quantifying their predictions for
the three experiments using a x test. The alternative modelling here presented enables a more general approach
for describing the paper micro-structure with an arbitrary number of parameters. The model overcomes the previ-
ously reported single-physics approaches and can be also used as a valid strategy for the simultaneous estimation
of several parameters that characterize the transport properties of paper, such as Darcy permeability, Washburn
constant, or zeta potential, from simple and reproducible experimental results. Moreover, after defining a suitable
PDF for each paper, the behavior of uPADs that combine different porous materials can be objectively evaluated.

2 Model formulation

Fig. 1 presents a simplified scheme of the proposed configuration for porous substrates as an arrangement of N,
parallel constricted tubes. In this case, the function R(x) represents the constriction function, i.e. the tube radius
as a function of distance x (the main direction for the fluid flow and electric field). Following this modelling
strategy, the porosity can be calculated as:

N, fy nR(x)?dx

¢ AL

6]

where A is the cross sectional area (commonly rectangular) and L is the length of the material considered.

Fig. 1: Simplified scheme of the proposed configuration for a single constricted tube. The structure randomly
repeats N, times, without interconnections between neighbor tubes.

2.1 Hydrodynamic model

Considering that R(x) is smooth along the x—axis and neglecting inertial effects (intra porous flow involves very
low Reynolds numbers), one may use the Hagen-Poiseuille relation to calculate the flow rate through a single
pore Qy, as follows (Reyssat et al., 2008):

APT

O e JERGe)

2
where AP is the applied pressure difference and L, is the liquid viscosity. Accounting for the N, pores present in
the substrate, the total flow rate is Qg = N, Q},. Further, introducing Eq. 1 yields,

_ APA 1
T 7 8L [ER(x)2dx [ER(x)~4dx

3)
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The n—th probability moment for the radius distribution is written as,

L n
<R'>= M. 4

Then, it is possible to define an equivalent hydraulic radius Ry as follows,

_ | Ou8WL 1
Ry = \/ APpA ~ V <RH><R2> ©)

which represents the capillary radius of a bundle of uniform tubes exhibiting the overall flow rate Q. Equation 5
relates quantities that can be experimentally measured (first equality) to a certain combination of the probability
moments of the radii distribution in the constricted tube model (second equality).

2.2 Capillary imbibition model

Capillary imbibition in porous materials has been extensively studied for more than 100 years and is currently an
active topic of research (Cai et al., 2022; Piovesan et al., 2022). Capillary imbibition dynamics on a constricted
tube (Fig 1) has been analyzed by different authors and can be modelled as (Young, 2004; Gorce et al., 2016;

Reyssat et al., 2008):
L I dx Ycos Ot iy
R() / }dl - fi 6
/0 0 [OR(X)4 4y ©

where ¥ is the surface tension of liquid, 6 is the contact angle of the advancing meniscus in the pores, and 5;; is
the filling time. Given that porous morphology is uniform along the imbibition direction, i.e. the PDF is the same
in all macroscopic regions, the definition of probability moment (Eq.4) can be also used in an intermediate length
scale / (instead of L) to obtain:

| " RO [ /(f Rff)4

Moreover, a periodic radius profile can be used to estimate the last integral, taking R(x) = R(x+nl,), being n a
natural number. If L > 1, and nl, =~ L,

L nl n il
/ R(l)3ldl%/ pR(l)3ldl:Z/ " R(Al
0 0 = -,

Considering that n is large, and the last integral is over one period, each term in the sum can be approximated by
<R> ilI% and:

L
}dl =<R™* >/ R(1)’1dl.
0

L3 3.2V s L
R(1)’ldl ~< R I | ~< R’ > —
/0 () < >pi;z < 5

Using this approximation, Eq. 6 results:

<R*><R> L?  yeosér
2 4‘ng

)

Finally, it is possible to define an equivalent capillary radius R¢ of uniform tubes that produces the same infiltra-
tion rate:

207, 1
c= = — T 8)
ycosOtr; < RP><R >

This result is in accordance with previously reported calculations for sinusoidal constricted tubes and infiltra-
tion of mesoporous films (Sharma and Ross, 1991; Berli et al., 2017). In analogy to Eq. 5, Eq. 8 relates measurable
quantities to a particular combination of the probability moments of the radii distribution in the constricted tube
model. Moreover, after estimating R¢ the Washburn coefficient D can be calculated as (Washburn, 1921):

OR
D_ Ycos c

9
. ©)
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2.3 Electric Model

Keeping the hypothesis that R(x) is smooth, the electric potential will be only function of x inside the tube. Also,
if the electrical conductivity of fibers is negligible, the electrical resistance of a bundle of N, parallel tubes can
be calculated as:

p (L dx
Ry=2- [
P~ Ny, Jo mR(x)?

where p represents the electrical resistivity. Introducing Eq. 1, the electrical resistance results:

Py ARG dx [ s
P OAL '

Using Eq. 4 leads to the following relationship between the paper electric resistance and the probability moments:
A

R, <¢—> =<R’><R’>. (10
pL

The right hand side of Eq. (10) can be interpreted as a constriction factor (C) that always satisfies C > 1, being
C =1 in the case of uniform tubes. Then, the electrical resistance of saturated material is %* which represents
an equivalent prism of resistivity p, section ¢A, and length L.

2.4 Electroosmotic flow model

Electroosmotic (EO) flow is generated when a potential difference A @ is applied to a saturated porous material
that is electrically charged at the solid-liquid interface. The EO velocity can be calculated by the product of
the EO permeability (K,, = %)' and the electric field (E = A®/L). Then, the EO flow rate for a single tube
is (Probstein, 2005):

)
Qoo =ilooTR = n'R2—CE

He
which can be rewritten as follows, after using Eq. 4,
e AP
Qeo e L dx
e Jo i

Finally, considering N, pores, the EO flow measured in the porous substrate is (Franck et al., 2021):

el AD QAL

O, N,=—>_—=
Qo = Qeoly WL<R2><R:>
eCPOA 1

_e8oA o
77, <R ?2><R’>

It is worth to mention here that one cannot determine the probability moments by a direct measurement of Qro,
unless the { potential is known beforehand. However, since the expression for the probability moments agrees
with the proposed for the electrical model, the term m can be obtained from electrical measurements
and, consequently, the { potential could be determined from EO flow experiments (see section 4.3).

3 Experimental
3.1 Materials

Three types of experiments were conducted, wich are outlined in Fig. 2 and described in the following sections.
Paper strips were cut from disks (Whatman #1, grade No. 1, 120 mm disc, Cityva, Marlborough, USA; Munktell,
00A, 125 mm disc, Munktell Filter AB, Falun, Sweden) following the machine direction (Elizalde et al., 2016).
A solution of Tris-Acetate (12 mM Tris - 22 mM acetic acid, pH=4.78) was employed for electric experiments.
Solution was characterized with a conductivity meter (Adwa AD 203, Szeged, Hungary) and electrical resis-
tance was measured with a Picoammeter/Voltage Source (Keithley 6487, Cleveland, OH, USA). Devices were
fabricated by laser-cutting (40 W CO, laser, Lasers Cuyana, San Rafael, Argentina) and hot lamination (DASA

! where € is the electrical permittivity of the solvent and ¢ the electrokinetic potential.
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LM330) on both sides of the paper strips using 150 pum thick pouches (Binderplus, China) at 135 °C, at a constant
speed of 3.5 mm/s. This setup minimizes the effects of evaporation on measurements. At both ends, symmetric
9 mm spaces were left for liquid reservoirs, by using a shorter lamination pouch on one side. A precision scale
(Ohaus Pioneer, Parsippany, NJ, USA) was used for fluid dynamic and surface tension experiments. Acetic acid
and tris were purchased from Laboratorios Cicarelli (Reagent SA, San Lorenzo, Argentina). All solutions were
prepared with ultra pure water obtained from an inverse osmosis purifier (Osmoion, Apema SRL, Villa Dominico
Argentina). The same water was used for hydrostatic pressure-driven and capillary-driven experiments. Highly
hydrophobic double-sided adhesive tape (Stiko, Silkstone SA, Buenos Aires, Argentina) was used to fix the paper
strips in all experiments. All measurements were made under controlled room conditions: 24 °C and 50 % relative
humidity.

Fig. 2: Experimental setups of three different measurements: hydrostatic pressure-driven flow (a, b),
capillary-driven flow (c), and electric current through the saturated paper (d).

3.2 Hydrostatic pressure-driven flow experiments

In this section the experiments associated with Eq. 5 are presented. The experimental setup employed is shown
in Fig. 2a and 2b, which is similar to the one used in a previous work (Franck et al., 2021). A scale and a system
of blades were used to amplify the measured weight of liquid in the reservoirs. The liquid was driven by the
action of gravity through the inclined ramp draining the upper reservoir and filling the lower one. One blade was
attached to a fixed support and the other one was placed over the scale. In this configuration, the scale records the
change of mass distribution produced by the liquid flow in the paper strip. This scheme amplifies the force over
the scale and balances the effects of evaporation, as it will be discussed below. The paper strip of length L, width
W, thickness h was tilted at the angle 6 (Fig. 2a). The blades were separated by a distance d, and the center of
mass was located at a distance dy from the fixed blade (Fig 2b). The mass variation actually recorded by the scale
was determined by the flow of liquid between the reservoirs (AMy) and the change in mass due to evaporation
(AM,,) that occurs at each reservoir, which was assumed to be identical on both sides. It is important to note that
these phenomena were not equally amplified by the experimental scheme. While the flow between the reservoirs
was amplified as,

Lcos6

AMT = AMy R

)

where superscripts and subscripts denote mass change with and without amplification, respectively, the mass
change due to evaporation was amplified as,
dy

AM® = Ang. (12)

Then, the change in mass effectively recorded by the scale AM?® is given by:
AM® =AM + AM®.

It is worth to note that the amplification factor in AM®” can be minimized by selecting a small value of dy (placing
the reservoirs symmetrically to the fixed support). Moreover, the amplification factors in Eqgs.11 and 12 can be
experimentally evaluated by a calibration procedure (Franck et al., 2021). A known mass of liquid AMy was
added to the reservoir 1 (Fig. 2b) and the mass increase in the scale AM* was registered. Alternatively, the same
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mass was added to the reservoir 2 and the mass variation AM® was registered. Then, the amplification factors
were calculated as:
Leos®  AMA —AM®

d AM, (13
and
A (AMP—AMA) A5 41 "
d 2AM() — ﬁ%: +1

Details about of the derivation of these expressions can be found in the Supplementary Information. For the
experiments presented in this work, typical amplification factors were % ~ 25 and [{Tf ~ 0.5. In order to
determine AM,,, the complete system was supported by the scale by setting the two blades over the scale plate,
thus the registered mass change was 2AM,,. Consequently, the volumetric flow rate Qy can be calculated by

AMpy
On p Al 15)
and the pressure difference AP can be related to the height difference by:
AP = pgLsin0. (16)

Finally, the values calculated through Eq. 15 and 16 can be replaced in Eq. 5 to obtain the Ry.

3.3 Capillary imbibition experiments

In this section the experiments associated with Eq. 8§ are presented. The employed experimental setup (Fig. 2¢) is
similar to the one used by Elizalde et al. (2016). In these experiments, the wetting front position is recorded over
time, which enables the calculation of the effective capillary radius R¢ (Eq. 8). To determine R, the contact angle
was considered as 8 = 0 (Elizalde et al., 2016) and the effective surface tension of the deionized water in paper,
¥ =40 x 1073 N/m. This value of surface tension is smaller than the obtained for pure water (~ 74 x 1073N/m),
probably due to the dissolution of some components present in the paper fibers (Elizalde et al., 2016). The
effective surface tension was obtained through additional experiments, which are reported in the Supplementary
Information.

Ten rectangular paper strips for each type of paper were laser cut 10 mm width and 30 mm length and were
mounted over a glass support. Hydrophobic double-sided adhesive tape was placed at the ends to fix the strips
and to delimit the water reservoir. The strips were arranged keeping an air gap between the glass avoiding edge
effects that could alter the imbibition flow (Schaumburg and Berli, 2019). Experiments were recorded by using a
high resolution digital camera (Canon EOS 1000D). The microfluidic strips were placed horizontally and back-
lit with a white LED lamp where irradiation was kept on a low value to avoid temperature increase. The camera
was placed vertically at a distance of 30 cm, connected to a PC, and set to burst mode. The spatial resolution
was 36 um and the time resolution was 12 frames per minute. Experimental runs start when a small volume of
deionized water was poured into the inlet reservoir. Image prostprocessing to extract the fluid front position as a
function of time was implemented as follows: (i) the area of interest was taken as the central 90% of each paper
strip width to avoid edge effects; (ii) paper strip area was processed to obtain a normalized grey scale matrix.
The procedure involves subtraction of the first image to each image and then normalization by the last one. The
resulting matrix was laterally averaged, thus obtaining a longitudinal saturation profile; (iii) the front position in
each profile was determined at 25 % of saturated luminosity value.

3.4 Electrical resistance experiments

In this section the experiments associated with Eq. 10 are presented. Electrically-driven measurements were
carried out to determine the resistance of the saturated paper ( Fig. 2d). Different electrolyte solutions were used
to measure different free solution conductivities, in order to improve the estimation of the left hand side (LHS)
of Eq. 10. Platinum electrodes were connected to the liquid reservoirs, and a constant difference potential was
applied through the paper strips, which were 10 mm width and 40 mm length. Low voltages (= 10 V ) were used
to minimize the effects of both Joule heating and EO flow. Free solution liquid resistivities (p) were measured
with a conductivity meter. To extend the range of solution concentration that can be used in the experiments,
electric resistance was measured in a calibrated capillary by applying 10V difference potential using platinum
electrodes.
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4 Results and discussion

4.1 Experimental results

Hydrodynamic experiments were performed as discussed in section 3.2 to assess the LHS of Eq.5. Figure 3
present the results of these measurements. The first part of the plot, colored in blue, corresponds to the calibration
of the system. After completely filling the paper strip with water (not shown in the figure), two 50 uL. drops were
consecutively placed in the upper reservoir. The scale measured a mass increase AMA! and AMA? respectively.
The opposite occured when the drops were placed in the lower reservoir: a reduction of the mass was recorded.
The amplification factors can be determined by averaging the measured values of AM4, AM? and using Eqs. 13
and 14. Afterwards, the liquid steadily flowed from the highest to the lowest reservoir, while data were recorded
over time (black dots), after a small initial step allowed for system stabilization. The curve slope was determined
with a linear fit (red line) and then used to obtain Ry in Eq. 5.

14+ —— Calibration
- Measured data
1.2+ ——Linear fit

AM AM

0.8 s

0.6 - s

Mass [g]

04F  m 1
AM B2

0.2+ s

-0.2 £ i

-0.4 1 1 1 1 1
0 100 200 300 400 500

Time [s]

Fig. 3: Calibration process (blue line), determining AM* and AM? variations when known volume droplets are
placed in reservoirs A and B respectively. This procedure can be used to obtain amplification factors of the
system. Stabilized region (black dots) can be used to measure the flow rate through the paper strip.

The measured AM® value in this case was ~ 3.4 x 10™* g /sec. The mass flow and evaporation amplification
factors were 29 and —0.69, respectively. The negative sign of dy means that the reservoirs center of mass is at
the right of the fixed blade (Fig. 2b). Certainly, the center of mass of the whole system is however between the
blades to ensure mechanical stability. Furthermore, the AM,, measured in this case was 3.33 x 107> g/sec. It is
important to note that this value is comparable to, even larger than, the hydrodynamic flow rate through the paper
strip (AMpy =1.25 x 107> g/sec) obtained from Eq. 11. The proposed experimental setup allows one to clearly
distinguish between both magnitudes given the high ratio between the respective amplification factors.Capillary
filling experiments were performed as discussed in section 3.3 to asses the LHS of Eq. 8. Figure 4 shows several
experiments of the fluid front imbibition dynamics for different substrates (Whatman # 1 and Munktell 00A). The
squared position as a function of time shows a linear correlation (L? = Dr), as it is expected for systems satisfying
the the Lucas-Washburn law (Lucas (1918), Washburn (1921)). In fact, the slope in this figure can be associated
with a diffusive coefficient D (known as Washburn coefficient) that depends on the paper substrate and physical
properties of the liquid (Eq. 8). The measured values are summarized in Table 1. Two groups of lines can be
identified in Figure 4, which correspond to the different paper substrates. The dispersion of D values for each
paper corresponds to that found in previous works (Elizalde et al., 2016), which is around 7%. The average of D
values, however, are smaller than those found on such previous work, due to the use of laminated paper strips on
both sides, which modifies the imbibition dynamics.
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Fig. 4: Fluid front position as a function of square root of time, for the capillary filling of Whatman #1 and
Munktell 00A papers along the machine direction. Different slopes indicate typical variations of R¢ and D
values obtained in identical paper strips (Egs. (8) and (9), respectively).

The last set of experiments corresponds to the electrical conductivity measurements made for both capillary
tube (free solution) and paper substrates. The results obtained via direct measurements with the conductimeter and
through the capillary matched those theoretically predicted for the electrolyte concentration at room temperature.
Figure 5 shows the results for several electrolyte solutions with different conductivities. The linearity of the plot
indicates good data correlation, as well as negligible interference from Joule heating effects or EO flow.

1 T T T T

- Experiment
0.8F | _Linear Fit

0 0.05 0.1 0.15 0.2 0.25
1
= [S]

Fig. 5: Calculated free flow conductance as a function of the electric conductance in Whatman #1 substrate.
Constriction factor (C) can be obtained from the slope of the linear fit, according to Eq. (10).

4.2 Pore size distribution

Three different PDFs were tested in order to optimize the description of pore size distribution: (i) bimodal dis-
tribution consisting in two delta Dirac’s functions that represent the radii with an equal probability of occurrence
; (i1) arcsine distribution, which models radii as an oscillating sine wave between R, and R,,;; ); and (iii) log-
normal continuous probability distribution. Fig. 6 a and b show an schematic representation of these distributions.
These distributions can be completely characterized by two free parameters, and they were have been previously
used to describe similar systems (Sharma and Ross, 1991; Berli et al., 2017; Lei et al., 2021; Apostolopoulou
etal., 2020; Aramideh et al., 2018). Bimodal and arcsine distributions have the advantage of being physically and
mathematically simple; both density functions can be analytically handled. However, the range of pore sizes they
can explore are bounded (discrete in the case of the bimodal), which limits the description of the pore morphol-
ogy arising in paper substrates. On the other hand, the log-normal distribution is more complex to handle, but it
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entails the possibility of wide and continuum variations of pore sizes (Fig. 6a), which allows one to reproduce
the geometry of the substrate with greater precision. The log-normal distribution will be further described next;
while the description both bimodal and arcsine distributions are reported in the Supplementary Information.
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Fig. 6: PDFs explored in modeling: (a) plots of probability densities as a function of radius, (b) schematic
representations of pore shapes and characteristic radii, (c) performance of each PDF to describe experimental
data from two different substrates, as characterized by the y? test.

The log-normal PDF is defined as:

fR) = ——e 27 (17)

where the random variable R represents a specific radius. The parameters u and o define the arithmetic mean
(E[R]) and variance (Var[R]) as follows:

=X (18)
(€ —1) (19)

To evaluate the performance of the model with this radius distribution, a figure of merit M was constructed using
the predicted results for the three performed experiments. The measured values of Ry, Rc and C were compared
against the model predicted values Ry (i, o), Re(u,0) and C(u, o), respectively, for different combinations of
U and o. Each predicted value can be calculated using the PDF to evaluate the probability moments (Eq. (4))
in Egs. (5), (8) and (10), respectively. The differences were weighed by the experimental dispersion of each
magnitude to obtain a Chi-square type distribution (Press et al., 1986). The final expression of the figure of merit
was,

(RH_RH(oqu))z (RC_RC(»U’G))z (C—C(,U,O'))Z
Var[Ry] Var[Rc] Var[C]

M(u,0)=

Since there are three measured values and two free parameters, this distribution has a degree of freedom of one,
in which the 95% confidence level region is achieved for values of M < 3.84 (Abramowitz and Stegun, 1965).
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Fig. 7: Contour map values of M using the log-normal distribution for Whatman #1 (a) and Munktell 00A (b).
Solid lines indicate the values for which the parameter combination of PDF reproduces the experimental results
of Ry (orange line), R¢ (red line), and C (green line). The colored (blue) region corresponds to M < 3.84, which

represents the 95% confidence region for the predicted parameters. The insets on the left show the optimal
log-normal PDF that produce the minimum value of M.

Figure 7 shows contour maps of M obtained by using the log-normal distribution, for the two paper substrates.
The results are presented in the transformed variables X and /Var[R]/X for a better visualization. This configu-
ration also enables a direct comparison to other probability distributions (see the Supplementary Information for
details). The minimum M values obtained for different PDFs are shown in Fig. 6d for the two paper substrates.
From these results, it is clear that the log-normal distribution has a better performance to simultaneously repre-
sent the response of the three experiments. The optimum parameter combination (minumum M) can be used to
obtain the model prediction for each experiment. The overall results are summarized in Table 1. Also in Figure
7, the combinations of i and o that satisfy Ry — Ry (i, 0) = 0 (orange line), Rc — Rc (1, 0) = 0 (red line), and
C—C(u,0) =0 (green line) are shown. These lines indicate the regions where the model independently repro-
duces each experimental result. The blue colored zones are limited by M < 3.84 and indicate the 95% confidence
regions for the predicted parameters. Ideally, all the three lines should cross in a single point, which means that
for different experiments the model predicts the same radius distribution, with an unique combination of mean
radius and variance. The distance between the crossing points is an indicator of the model accuracy for the chosen
PDF. Particularly, electrical measurements (vertical green lines) indicate that the factor C is independent of the
mean value of the distribution X. In fact, a multiplicative factor in the distribution radius does not change neither
C nor the \/Var[R]/X parameter. On the other hand, results from capillary-driven flow (red line) and hydrostatic
pressure-driven flow (orange line) depend on both variables. Regarding paper substrates, one observes that data
cloud for Munktell has a larger error than for Whatman #1, which means that the model capture the experiments
with lower fidelity for Munktell than for Whatman #1. In fact, the minimum of the function M determine the PDF
parameters that better describe the experimental data. In the case of the Whatman #1 paper, the minimum corre-
sponds to u = 1.12 and o = 0.52, which in turn correspond to X = 3.5um and /Var[R] = 6.1 um (see the inset
in Fig. 7a). In the case of Munktell paper, the optimum values are it = 1.65 and ¢ = 0.586, which correspond to
X =3.5pum and /Var[R] = 15.5um (see the inset in Fig. 7b).
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4.3 Comparison between different models

In order to emphasize the advantages the multiphysic model, we present the direct link between the PDFs and
some well-known parameters from single-physics models, such as Darcy’s permeability K, Washburn coefficient
D, and electrokinetic potential {. Additionally, the constriction factor (C), the equivalent radii for hydrodynamic
(Ry) and capillary phenomena (R¢) are reported for both substrates. To summarize this information, two types
of data are presented in Table 1: (i) from measurements, with values and uncertainties related to each set of
experiments (Measurement) and (ii) from model, using the best fitted values according to minimum M (Model
prediction).

Table 1: Parameters for single-physics models related to different radii statics in the present work. Electroosmotic
permeability (K,,) was obtained from Franck et al. (2021) for pH=4.7 solution at E = 2.5kV /m.

Substrate Whatman #1 Munktell 00A
Magnitude Definition Measurement Model Measurement Model
prediction prediction
Equivalent hydrodynamic radius [um] | Rp=,/ m 0.86+0.08 0.79 1.1+0.1 0.93
Darcy permeability x 1074[m?] K=% 9.3+0.9 7.8 13+1 10.9
Equivalent capillary radius [pm] RC=WI<R3> 0.089 £ 0.008 0.096 0.064 £ 0.006 0.07
Washburn coefficient x 1076 [™] p=1eglic 1.84+0.2 1.9 134+0.1 1.4
Constriction factor C=<R*><R7?Z> 2.6+0.3 3.1 33403 4
Zeta potential [mV] Q’,,:K”gigfc 2.8+0.3 3.3 5.3+0.5 6.4

The results in Table 1 show that the deviations between the measurement and the model predictions are
relatively small, most of them within the range of the measurement uncertainty. It is worth to mention here
that the model captures the fact that Ry is about ten times larger than R¢ in paper substrates. This apparent
discrepancy, which is known in the microfluidics community (Alava et al., 2004), is inherent to the extrapolation
of capillary-driven flow models from single tubes to porous media: the main pitfall is considering a unique pore
radius for both Laplace pressure and fluid resistance. Regarding EO flow, one may note that the value obtained for
the constriction factor is comparable to the value of tortuosity calculated for electrokinetic and EO phenomena
by Gerlero et al. (2021), while being different to those predicted for fluid transport (Matyka et al., 2008). Finally,
it is necessary to remark that these reported values correspond to both sides laminated paper, and could differ
from other results where paper was not laminated or single side-laminated (Noh and Phillips, 2010; Elizalde
et al., 2016).

5 Conclusions

This paper proposes an innovative approach that considers the pore space as a bundle of periodically constricted
tubes modelled through a PDF of the porous radii, which can simultaneously represent four different transport
phenomena in porous substrates: capillary filling, pressure-driven flow, electric transport, and electroosmotic flow.
The mathematical basis of the model were described and the model predictions were experimentally validated by
using well-known filter papers. The proposed model enabled the characterization of porous substrates by means
of a reduced number of parameters (two free parameters describing the radius distribution). In relation to single-
physics models, the multiphysics approach avoids the concept of tortuosity (7), which is normally used as an
adjustment variable. Although 7 is a widely used parameter, its value strongly depends on the experiment under
consideration and can be much larger than expected for the paper morphology. In contrast, the constricted tube
model can reasonably reproduce the results obtained in all the experiments studied using a single PDF.

Typical parameters values for Whatman #1 and Munktell 00A papers are provided for double laminated
substrates aimed to improve the prediction capability of most of -PADs developers working with such materials.
The fact that fluid and charge transport phenomena are satisfactorily described by a single topological scheme
confirms that the proposed model entails a more generalized view of the underlying physics.
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This model’s feature definitely improves the prediction capabilities because, performing only two of the pro-
posed experiments, a given substrate can be fully characterized for any of the studied processes (capillary filling,
pressure driven flow, electroosmotic flow, and electric current driving). Furthermore, after having characterized
different substrates, developers can use different combination of papers for creating arbitrary multi-substrates
arrangements. The behavior of these complex heterogeneous ytPADs can be predicted through an equivalent PDF
made as the weighted sum of single paper PDFs. Finally, it is important to note that the proposed model can be
applied to porous media different from paper by simply selecting the suitable pore distribution function.
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