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H I G H L I G H T S

Bevelled silo outlets increase the flow
rate.
Quasi-two-dimensional silo, DEM.
Realistic operation conditions.
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A B S T R A C T

We investigate the effect of a bevelled (or slanted) outlet on the discharge rate of mono-sized spheres from
a quasi-two-dimensional silo, using the discrete element method. In contrast to hopper discharges, where the
bevelling is across the entire base of the container, we study a bevelled opening that is significantly smaller
than the silo width and in which the slanting is limited to half a sphere diameter at the boundary of the
outlet. We show that the bevelling increases the flow rate comparably to the inclination in hopper walls.
Using Beverloo’s model, we relate this increase in rate to what we define as the ‘effective opening’ of the
silo and analyse the velocity profiles associated with the discharges. We show that different openings, having
effectively the same discharge rates, give rise to distinctly different internal dynamics in the silo. These results
have the potential to aid industrial processes by fine-tuning and improving control of silo discharges, with a

minimal impact on silo design, thus significantly reducing production and handling costs.
. Introduction

The flow of granular materials through narrow exits, which occurs
egularly in everyday life, is a rich and complex process. Being of
articular technological interest, silo discharges have been widely stud-
ed [1–12]. Gravity-driven discharges of granular material are known

∗ Corresponding author.
E-mail address: paulaalejandrayo@gmail.com (P.A. Gago).

to be at constant rate, which is the reason that hour glasses are filled
with particulates rather than liquids. It has been shown that the rate of
volume discharge, 𝑊 , is a function of the ratio of the silo aperture di-
ameter, 𝐷, to the typical grain size (diameter), 𝑑 [13,14]. Beverloo [13]
proposed an empirical relation between 𝑊 and the system properties
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that, for quasi-two-dimensional silos, can be written as [15]

= 𝐶𝜙𝑏𝑔
1∕2(𝐷 − 𝑘𝑑)3∕2𝑙 , (1)

here 𝑘 and 𝐶 are two dimensionless fitting constants, 𝜙𝑏 is the bulk
acking fraction of the granular medium, 𝑙 is the thickness of the
ap between the parallel plates (defining the quasi-two-dimensional
ell), and 𝑔 the gravitational acceleration. Beverloo’s rule is normally
xplained by heuristic models such as the ‘Free-Fall Arch’ [16] and
he ‘Empty Annulus’ [17]. The Free-Fall Arch model is based on the
dea that most grains lose contact with the rest of the granular packing
hen they are about one orifice radius, 𝐷∕2, above the outlet and

hat particles at this point fall freely from an initial zero vertical
elocity. Free-falling over this height leads to a flow rate proportional
o 𝑔1∕2𝐷3∕2𝑙 in quasi 2𝐷 systems, irrespective of material properties and
olumn height in the silo. The Empty Annulus model [18] is based on

the idea that the effective outlet opening diameter is (𝐷 − 𝑘𝑑) because
spherical grains cannot pass through an annular zone of width (1∕2)𝑘𝑑.
It has been demonstrated later that, in fact, no such empty annulus
exists and the particles near the edge of the orifice are retarded by
some dynamics that are not yet fully understood [17]. The value of 𝑘
as been found to vary by up to a factor of 2, depending on the grains
sed, but 𝐶 appears to remain constant practically for any material
ested [17]. Nevertheless, some deviations have been observed for very
ow-friction materials [19] and for different grain shapes [20–22].
ecently, it was shown that this rule can be obtained with the Navier–
tokes equations, applied to plastic fluids and using a constitutive
elation for the effective friction based on the 𝜇(𝐼)-rheology [23]. In the
ollowing, we will consider a constant material bulk packing fraction,
nd define a proportionality constant 𝐶̃ ≡ 𝐶𝜙𝑏𝑙.

To study the effects of various parameters, experimental designs in
he literature often use an outlet with sharp corners. A departure from
harp corners of 3D hoppers has been studied in [24], but they only
onsidered the convex-lips shape observed as a result of abrasion and
ear following discharge. They have shown, numerically and experi-
entally, that such a curved outlet increases the discharge rate. Here,
e focus on the effects of shaped outlet geometries on the silo discharge

ate, both because perfectly sharp corners are only an idealisation
nd because designing the outlet shape can improve discharge rate.
sing numerical simulations, we investigate in detail the impact of the
utlet bevel parameters on the discharge rate in model quasi-2D silos,
ocusing on outlet shapes that are not much larger than several grains.
o the best of our knowledge, the effects in this range of sizes, which
re much smaller than those studied in previous works [2,14,25], have
ot been investigated systematically. The investigation of this regime is
lso directly relevant to flow of particulates through sieves of weaved
ires.

This paper is structured as follows. The numerical method and the
etup are described in Section 2. In Section 3, we present the results
btained when varying the parameters of the bevelled outlets and
ompare them with known discharge rates in hoppers. In this section,
e also extend the Beverloo model and define an effective opening that
epends on the slant angle. We conclude in Section 4 with a discussion
f the implications that our results have for several applications and
uggestions for future work.

. Methods

We use the discrete element method (DEM) implementation of soft
phere dynamics of 𝐿𝐼𝐺𝐺𝐺𝑇𝐻𝑆 [26]. The material parameters are:
nter-particle friction coefficient 𝜇 = 0.5, Young’s modulus 𝑌 = 108N
−2, Poisson’s ratio 𝜈 = 0.5, and restitution coefficient 𝜖 = 0.5. The

ystem is quasi-2D, comprising two parallel plates, a distance 𝑙 = 1.1𝑑
part, between which lies an assembly of same-size spheres of diameter
= 1 mm. Defining gravity as directed vertically, the horizontal system

ize is 60𝑑, representing a silo with an outlet at the centre of the
ase, 30𝑑 from the ‘wall’, although periodic boundary conditions are
2

𝜁

Fig. 1. Sketch of the setup. (a) A quasi-bidimensional hopper, with walls inclined at
angle 𝛼; (b) a quasi-bidimensional silo with flat bottom and bevelled outlet at angle
𝛼; In both cases, the separation between the parallel plates (defining the quasi-two-
dimensional cell) is 𝑙 = 1.1𝑑, with 𝑑 the diameter of the (mono-dispersed) grains.
c) The outlet structure, detailing the constant horizontal projection 𝜏 = 𝑑∕2 and the
ariable 𝜁 = 𝜏 tan 𝛼.

mposed in the horizontal direction to circumvent finite size effects.
ive outlet sizes have been investigated: 𝐷 = (5, 5.5, 6, 6.5, 7)𝑑. This
ange of openings was chosen because there is a higher probability of
amming at the outlet for smaller ones [27].

We have used two designs: a silo with an outlet bevelled at angle 𝛼
nd, for comparison, a hopper with walls inclined at the same angles. In
ig. 1(a) we show a sketch of a hopper, whose inclination, 𝛼, is defined
s the angle between the horizontal and the wall. In Fig. 1(b) we show
sketch of a silo with a bevelled outlet at an angle 𝛼. In Fig. 1(c), the
efinition of the bevel angle is detailed. The horizontal projection of
he slant is kept constant, 𝜏 = 0.5𝑑, and the outlet depth was varied
= 𝜏 tan 𝛼.

The initial state of each realisation was obtained by pouring 6000
pheres of diameter 𝑑 = 1 mm and density 𝜌 = 2500kg m−3 into the
ontainer, with the outlet closed. The spheres were allowed to settle
nto mechanical equilibrium, which was determined as the state of
otal kinetic energy 𝑘𝑒 < 0.001J. The outlet was then opened abruptly
nd the number of grains remaining in the silo was measured as a
unction of time, while the silo emptied. The discharge was considered
ompleted when less than 1000 grains remained. For smaller apertures
amming was observed during the discharge. Numerically, jamming
as determined by comparing the number of grains in the silo at

ntervals of 0.05s. If the number of grains between one of these intervals
emained unchanged, and the kinetic energy of the system fell below
𝑒 < 0.001J, the system was considered jammed. Simulations ended in
amming were discarded.

We investigated 75 silo systems and 45 hopper systems, each with
ifferent parameters. We ran 91 realisations for each angle for cases
= 5, 5.5 and 6𝑑. Of these ∼ 25% of the runs were discarded because

f jamming. We ran 21 realisations for the remaining apertures (𝐷 =
.5 and 7𝑑, only for the bevelled silo). These cases did not presented
amming. In total, 8820 discharges were simulated.

Fig. 2 shows, on the left, a screenshot of the initial configuration
or the silo (in this screenshot, the outlet shows a bevel angle of 70◦).
he four panels on the right show a close up of the beginning of the
ischarge for bevel angles of 0◦, 30◦, 45◦, and 70◦. Colour scale in the
rains highlights their speed. Here it is possible to see that, although the
alue of the parameter 𝜁 (Fig. 1(c)) increases as the angle 𝛼 increases,
ts value is still of the order of a few grain diameters (for example,

◦
≈ 1.4𝑑 for 𝛼 = 70 ).
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Fig. 2. Left - Initial configuration of 6000 grains in a bevel silo (with a bevel angle of
0◦). Right - close-up of the silo outlet (as marked in the red dashed-line rectangle on
he left) for four characteristic bevel inclinations: 0◦, 30◦, 45◦, and 70◦. Colour scale in

the grains highlights their speed.

3. Results

In Fig. 3(a) we show the total discharged volume of spheres from
a bevelled silo of opening 𝐷 = 5.5𝑑 as a function of time for several
angles 𝛼. For clarity, only 𝛼 = 0◦, 30◦, 45◦, and 70◦are highlighted. In
ig. 3(b) we show the same results for a hopper with the same values
f 𝛼.

In Fig. 4(a) we show the volume discharge rate, 𝑊 , as a func-
ion of 𝛼 for the different apertures of the bevelled outlet silo (open
ymbols/dashed lines). In the same figure and with filled symbols, we
how the equivalent behaviour for different hopper inclinations (only
or apertures 5𝑑, 5.6𝑑, 6𝑑). In this figure it is possible to see that the
ate of discharge of both systems increases with the inclination 𝛼.

Results for the hopper increasing their discharge rate with 𝛼 are
onsistent with those presented in the literature [14,25], although we
o not capture the non-monotonic flow rate behaviour reported for
mall hopper angles. Although the change of the mass rate with 𝛼 is
lmost identical for both systems for smaller angles, for bigger 𝛼(> 50◦)
he hopper increase in discharge rate results bigger than that of a
ilo with identical bevel inclination. The deviation between silo and
opper becomes more evident in Fig. 4(b), that shows the same than
a) but with the rates 𝑊 (𝛼) normalised by the rate corresponding to
he discharge with zero angle 𝑊 (𝛼 = 0).

From Fig. 4(b) we can also appreciate that the increase of the rate
with respect to 𝛼 = 0) is higher in both cases, bevelled silo and hopper,
or smaller apertures than for bigger ones (see for example the orange
ircle, 𝐷 = 5𝑑, and the magenta triangle, 𝐷 = 6𝑑, at 𝛼 = 70◦).

In Fig. 5(a) we show 𝑊 as a function of 𝐷 for a selection of angles
, for clarity. The data were fitted to Eq. (1) to obtain the parameters 𝑘
nd 𝐶̃. We find that the value of 𝐶̃ is nearly constant for all the curves
nd, therefore, we averaged them and obtained 𝐶̃ = 1.32(1) cm. We
hen used this value to obtain a fit for the value of 𝑘.

As mentioned, a widely accepted interpretation of the parameter 𝑘
n Eq. (1) is that it accounts for an empty annulus [18], i.e., a region
round the orifice in which particles are constrained from moving,
ffectively restricting the opening to 𝐷−𝑘 𝑑. Rewriting the values 𝑘(𝛼),
btained from our fitting of Eq. (1), as

(𝛼) = 𝑘0 + 𝛿𝑘(𝛼) , (2)

e plot in Fig. 5(b) 𝛿𝑘(𝛼) as a function of 𝛼. We find that 𝛿𝑘 increases
onotonically with 𝛼 and that it is 𝑑∕2 at 𝛼 ≈ 45◦ (black dashed circle).
t 𝛼 = 90◦, we added a square to highlight the expected asymptotic
3

Fig. 3. Discharged volume as a function of the time for: (a) a bevelled silo; (b) a
hopper, both with outlet opening of 𝐷 = 5.5𝑑 and several values of 𝛼. For clarity, only
𝛼 = 0◦, 30◦, 45◦and 70◦are highlighted and display error bars. Error bars were obtained
as the standard deviation of the mean over the independent realisations.

behaviour, where the effect of the slant should disappear and the outlet
is effectively 2𝜏 = 1𝑑 wider than the actual one. The precise form of
this curve is not yet understood and modelling it theoretically, which
is outside the scope of this work, will be addressed in a future report.

Next, we turn attention to the velocity profiles of the discharge
process. We recorded particle velocities during the discharge for 500
frames, with each frame corresponding to 10−2s. The initial 0.1s (10
frames) were discarded to eliminate transient effects. We used this
protocol on 10 independent non-jammed realisations. Velocity profiles
were measured across an horizontal slice of 2𝑑 thickness from the
bottom of the container.

Fig. 6(a) shows the mean absolute value of the vertical component
of the velocity, 𝑣𝑧 for silos having different opening apertures 𝐴𝑝
(and bevel angle 𝛼 = 0). In this figure, the dashed lines indicate the
position of the opening edge (𝑥 = 𝐷∕2) for each system (by their
orresponding colour). Fig. 6(b) shows the same than (a) but for the
orizontal component of the velocity 𝑣𝑥. The displacement observed
etween these curves is a well known result [2]. It has been also shown

that, with a proper rescaling, all profiles can be collapsed.
Fig. 6(c) and (d) show the velocity profiles corresponding to silos

with aperture 𝐴𝑝 = 5.5𝑑 and different bevel angles. The black-dashed
line here marks the position of the edge (𝑥 = 𝐷∕2) of the outlet,
while the grey-dashed one marks the ‘‘inflection’’ point of the bevel
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Fig. 4. (a) Volume rate as a function of 𝛼 for the bevelled silo (open symbols/dashed
lines) and the hopper (closed symbols). (b) Same than (a), but with the volume rate
as a function of the inclination 𝑊 (𝛼) normalised for the rate corresponding to a zero
nclination 𝑊 (𝛼 = 0).

𝑥 = 𝐷∕2 + 𝜏). From this figure we can see that, although the flow rate
onotonically increases with 𝛼, 𝑣𝑧 at 𝑥 = 0 does not do the same. On

he other hand, 𝑣𝑧 at 𝑥 = 𝐷∕2 does behave monotonically with 𝛼.
Fig. 7(a) and (b) show this behaviours at 𝑥 = 0 and 𝑥 = 𝐷∕2 in more

etail for the rest of the apertures studied. In (a), it is possible to see
hat 𝑣𝑧 at 𝑥 = 0 reaches a minimum at 𝛼 ∼ 30. Fig. 7(b) highlights the

monotonic increase of 𝑣𝑧 as a function of 𝛼 for 𝑥 = 𝐷∕2.
The horizontal component of the velocity, 𝑣𝑥, in Fig. 6(c) does not

exhibit a clear dependence with 𝛼 near 𝑥 = 0, and it seems monoton-
ically increasing with the bevel angle for 𝑥 = 𝐷∕2 shown in Fig. 6(d).
More statistics would be necessary to have a better characterisation
of this variable, in particular, to have a better understanding of the
behaviour of the maximum 𝑣𝑥(𝛼).

To finish this analysis, we compare profiles of systems with the same
effective opening sizes (as given by they rate of discharge) but different
real opening sizes. As we show clearly in Fig. 5 (black dashed circle),

bevel inclination of 45◦gives rise to the same flow rate as an opening
hat is 𝑑∕2 wider. [The inset in Fig. 8(b) demonstrates this equivalence
urther for the cases 𝐷 = 5.5𝑑 at 𝛼 = 45◦(red triangles) and 𝐷 = 6𝑑 at
= 0◦(blue circles).]

In Fig. 8(a) we show 𝑣𝑧 as a function of the distance from the
enter of the container 𝑥. Two different openings with slant angle
= 0◦are represented in dashed lines, 𝐷1 = 5.5𝑑 (open black circles)

nd 𝐷2 = 6.0𝑑 (filled blue circles). Data for an opening of 𝐷1 = 5.5𝑑 and
= 45◦are also shown in red triangles and solid line. Vertical dashed
4

t

Fig. 5. (a) The discharge rate, 𝑊 , as a function of the outlet size, 𝐷, for a selection
f angles; (b) the value of 𝛿𝑘(𝛼) in Eq. (2), obtained by fitting the data in (a) with

the Beverloo model, Eq. (1). The dashed circle highlights the equivalence between an
angle 𝛼 = 45◦and an effective opening 𝐷𝑒𝑓𝑓 = 𝐷+0.5𝑑 (black) and an angle 𝛼 = 70◦and
an effective opening 𝐷𝑒𝑓𝑓 = 𝐷 + 0.9𝑑 (blue). The empty square at 𝛼 = 90◦has been
added to highlight the expected asymptotic behaviour.

lines mark the positions corresponding to the two outlet openings 𝑥 =
𝐷1∕2 = 3𝑑 and 𝑥 = 𝐷2∕2 = 3.25𝑑, and the inflection point of the
bevel for 𝐷1, 𝑥 = 𝐷1∕2 + 𝜏, see Fig. 1(c). A careful inspection of the
elocity profiles of the presumably-equivalent openings ((6𝑑, 45◦ ) and
6.5𝑑, 0◦)) shows that, while they are almost identical for 𝑥 beyond
he effective opening, 𝑥 > 𝐷1∕2, they clearly differ for 𝑥 < 𝐷1∕2.
he maximum difference can be observed at 𝑥 = 0: In this region,
he velocity profile seems governed by the real opening size. This
ifference remains for velocity profiles measured slightly above the
ontainer bottom, as shown in Fig. 8(b) (region 𝐿2, corresponding
o 𝑧 = (2𝑑 − 4𝑑)), but washes out at layers above 𝑧 > 4𝑑. Above
his distance, systems with same equivalent opening exhibit the same
ertical velocity profiles.

The horizontal component 𝑣𝑥 is shown in Fig. 8(c) and (d) (for 𝐿1
𝑧 = (0 − 2𝑑)) and 𝐿2 (𝑧 = (2𝑑 − 4𝑑)), respectively). The differences
etween profiles corresponding to same effective openings is very small
or 𝑣𝑥 and, as discussed before, more statistics would be necessary to
etter understand the behaviour of this variable.

. Discussion

To conclude, we have studied the effects of a bevelled silo outlet on
he discharge rate of spheres and on aspects of the internal dynamics.
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Fig. 6. (a) Absolute mean value for the vertical velocity, 𝑣𝑧, at the bottom of the silo
(averaged over grains in the region 𝑧 = (0 − 2𝑑)) for different apertures sizes 𝐴𝑝, as
a function of the distance 𝑥 from the center of the silo. (b) The same than (a) but
for the horizontal component of the velocity, 𝑣𝑥. The vertical dashed lines in (a) and
(b) indicate the position of the opening edge (𝑥 = 𝐷∕2) for each system (by their
corresponding colour). (c) Absolute mean value for the vertical velocity, 𝑣𝑧, at the
bottom of the silo as a function of the distance 𝑥 from the center of the silo for a
single aperture 𝐴𝑝 = 5.5𝑑 and different bevel angles. (d) The same than (c) but for the
horizontal component of the velocity, 𝑣𝑥. The vertical black-dashed line here marks
the position of the edge (𝑥 = 𝐷∕2) of the outlet, while the grey-dashed one marks the
‘‘inflection’’ point of the bevel (𝑥 = 𝐷∕2 + 𝜏).

We have shown that bevelling the outlet with a boundary that is as
small as one particle radius, leads to a discharge rate that is almost
as high as a hopper with the same inclination angle as the bevel. The
increase is monotonic in the inclination angle. Nevertheless, we note
that, although our results for the hopper are consistent with those
presented in the literature, we do not capture the non-monotonic flow
rate behaviour reported for small hopper angles [14]. Whether this
difference is because of the quasi-2D nature of our setup or our use
of mono-disperse spheres remains to be explored.

We have presented a way of defining an effective silo opening,
based on the rate of discharge and the Beverloo model, (Eq. (1)).
This definition allowed us not only to compare systematically, but also
to find equivalence between, openings of different bevel angles and
different basic sizes. This allowed us to show that systems exhibiting
the same discharge rate are not necessarily equivalent because they
can have different flow dynamics near the outlet, which depend on the
effective opening and the bevel angle.

There is a crossover effect in the velocity profiles at the bottom of
the silo: at 𝑥 = 0 the maximum velocity appears to be governed by the
real size of the opening, while at the edge, it appears to be governed
mainly by the effective size of the orifice. This could be the basis for
the equivalence of the discharge rate between openings with the same
effective apertures.

These results are encouraging, as they demonstrate that fine-tuning
the discharge rate is possible by controlling the bevel angle of the
outlet, in addition to its size. This fine-tuning has a potential for
better control in industrial applications, such as pharmaceuticals and
transport of particulates in general, with a minimal impact on overall
design, thus significantly reducing production and handling costs. Our
results also provide a systematic method of comparison and equiva-
lence between bevelled silos and hoppers, which is useful when one or
5

s

Fig. 7. The dependence of 𝑣𝑧 on 𝛼 at (a) 𝑥 = 0 and (b) 𝑥 = 𝐷∕2, for opening sizes 𝐷
between 5𝑑 and 6.5𝑑. (c) and (d) The same as in (a) and (b) for 𝑣𝑥.

he other are required for optimal design. These findings also open the
oor to a better understanding of the effect of wire weaving in sieve
esign.

There are several physical phenomena at play in the discharge
rocess: the jamming probability at the outlet and the effect of the
utlet shape on it, as well as the stress distribution and arching dy-
amics in the neighbourhood of the outlet. Our results can be used as
benchmark for future work into the theoretical modelling of these

henomena. Further directions to explore would be varying the sphere
ize distribution, shapes, friction coefficient, etc.
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Fig. 8. (a) 𝑣𝑧 as a function of the distance from the center of the container 𝑥 at the
bottom of the silo (𝐿1 ∶ 𝑧 = (0 − 2𝑑)) and (b) at a height 𝐿2 ∶ 𝑧 = (2𝑑 − 4𝑑) above
he bottom. Two different openings with slant angle 𝛼 = 0◦are represented in dashed

lines, 𝐷1 = 6.0𝑑 (open black circles) and 𝐷2 = 6.5𝑑 (filled blue circles). Red triangles
and continuum line represents the case with opening 𝐷1 and 𝛼 = 45◦. (c) and (d) are
the same than (a) and (b) but for 𝑣𝑥. The inset in (b) highlights the equivalence in
flow rate for systems (6𝑑, 45◦) and (6.5𝑑, 0◦).Vertical dashed lines mark the positions
corresponding to the two outlet openings 𝑥 = 𝐷1∕2 = 3𝑑 and 𝑥 = 𝐷2∕2 = 3.25𝑑, and
the inflection point of the bevel for 𝐷1, 𝑥 = 𝐷1∕2 + 𝜏.
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